
1155

2n n � Z+

m � Z+ m 1 (Zm, , )

1854 George Boole An

Investigation of the Laws of Thought Boole 

(Boolean algebra)

1938 Claude Elwood Shannon 

Boole 

19 20 

( ) ( )

( ) ( )

- (two-state device) ( 2.2 

)

-

B {0, 1} B
843



a)

b)

c)

x (Boolean variable) x B

x x x x2 x x xx x x

x y 

1) x y 0 x y 0

2) xy 1 x y 1

n � Z+ Bn {(b1, b2, , bn)|bi � {0, 1}, 1 ≤ i ≤ n} f : Bn B

n (Boolean) (switching) f {x1,

x2, , xn} n xi 1 ≤ i ≤ n

f : B3 B f(x, y, z) xy z† ( xy x y)

f x y z 8 

15.1 

n � Z+ n ≥ 2 f g : Bn B n x1 x2

xn f g (equal) f g f g [

( ) ] [ f (b1, b2, , bn) g(b1, b2,

, bn) 2n 0 1 n x1

x2 xn ]

844

15.1

15.1

15.1

† xy z (xy) z x(y z)



f : Bn B f (complement) f Bn

g : Bn B f g f g : Bn B f g (sum) 

(product)

15.2 

845

15.2

15.2

De Morgan 

( 2 ) ( 3 )

f g h : Bn B x y z 15.2 (

fg f g )



0 0 1 1 

( 0 1 � B )

2-10 s

sd s (dual) s ( ) ( ) 

0 (1) 1 (0) ( 15.4 ) sd

0 1 0 1

15.2 5 

(The Distribute Law of over ) 15.3 

f gh (f g)(f h) x yz (x y)(x z) 

f g h : B3 B f(x, y, z) x g(x, y, z) y

h(x, y, z) z

f (g h) f g f h

a)

x xy x1 xy

x(1 y)

x1 ( )

x

846

15.2

15.3

15.3



15.4 

15.2 

b) w x y z z 

DeMorgan 

(
)

2 

( )

( ) 

x y z 15.4 f g

h : B3 B

f x y z 1 1 

f(x, y, z) –x –y z g(x, y, z) x–y –z 1 

x 1 y z f g 

1 f g 1 h(x, y,

z) f(x, y, z) g(x, y, z) –x –yz x–y –z h

847

15.4

15.4



n � Z+ f n x1 x2 xn

a) xi
–xi 1 ≤ i ≤ n (literal)

b) y1 y2 yn yi xi 
–xi 1 ≤ i ≤ n

(fundamental conjunction)

c) f f (disjunctive

normal form (d.n.f.))

f : Bn B f 0

d.n.f ( )

d.n.f f : B3 B f (x, y, z) xy –xz

15.5 f 1 f d.n.f 

f (x, y, z) –x –yz –xyz xy–z xyz

f xy –xz

xy –xz xy(z
–z) –x(y –y)z ( ) xyz xy–z –xyz –x –yz

g(w, x, y, z) wx–y wy–z xy d.n.f.

a)

b)

c)
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15.5

15.5

15.6

15.3



g d.n.f.

15.6 

x y z 1 2

8 0 1 2 7 15.6 4 5 

[ 1 000 ( 0)

x 1 y 1 z 0 7

110 ( 6) ] 

15.5 f f Σm(1, 3, 6, 7) m

2 4 7 8 (minterms) (

) 1 3 6 7 (minterm) 

1 0

m(1) 001 ( 1) x y 0 z 1
–x –yz 1 ( x y 0 z 1)

15.6 g d.n.f.

(sum of minterms) c1c2

c3c4 c1 w –w c4 z –z ci 1 ≤ i ≤ 4

0 ci ci 1

g Σm(6, 7, 10, 12, 13, 14, 15)

f : B3 B 15.7 c1 c2 c3 c1 x 
–x c2 y –y c3 z –z (fundamental

849

15.6

15.7



disjunction) x y z 1 x

y z 0 x –y z 1 x z 0 y 1 

0

(x y z)(x –y z) 0

f 

f (conjunctive normal form

(c.n.f.))

x y z 1 ( 1)

(maxterm)

f �M (0, 2, 6) (product of maxterms)

f 1 (

( ) )

g : B4 B g(w, x, y, z) (w x y)(x –y z)(w –y) g

c.n.f.

a)

b) 

c)

g(w, x, y, z) (w x y z) (w x

y –z)(w x –y z)(–w x –y z)(w x –y –z)(w –x –y z) (w –x –y

z)

g d1 d2 d3 d4

b1b2b3b4 b1 0 d1 w b1 1 d1
–w; b4 0 d4 z b4

1 d4
–z g �M(0, 1, 2, 3, 6, 7, 10)

f (

f 0 f 1) 

850

15.7

15.8



h(w, x, y, z) wx –wy –xyz h

i) 

ii) 

iii) 

h d.n.f. 

h d.n.f. 

h Σm(2, 3, 6, 7, 11, 12, 13, 14, 15)

h �M (0, 1, 4, 5, 8, 9, 10)

h c.n.f. 

851

15.9



852

1.

w x y z 1 1 0

0

a) b) 

c)

d)

2. w x y x

1

w y

1

a) x xy w b) xy w

c) –xy xw d) –xy w

3. a) n

( ) 

b) n 

4. a) w x y z

1 

i) w x 0 y z 1.

ii) w 0 x 1 y 1 z 0.

iii) w 0 x y z 1.

iv) w x y z 0.

b) (a)

w x y z

0

5. f : B3 B 

a) f d.n.f. c.n.f.

b) f (

)

6. g : B4 B 

a) g d.n.f. c.n.f.

b) g (

)

7. F6 f : B6 B 

(a) |F6| (b) F6

( ) (c) F6 ( )

8. f : B4 B f 

a) f 1(1) {0101 ( , w 0, x 1, y

0, z 1), 0110, 1000, 1011}

b) f 1(0) {0000, 0001, 0010, 0100,

1000, 1001, 0110}

9. f : Bn B f d.n.f. m

c.n.f. k

m n k

10. x y z x y z

xyz x y z

11.

a)

b)

c)

12. ( ) 

w x y z

13. a) f g h : Bn B fg
–
fh gh

fg
–
fh fg f 

–
g

–
fg

–
f  

–
g 1

b) (a) 

14. f g : Bn B Fn ( n

) 

≤ f ≤ g f 1 

g 1



a) Fn

b) fg ≤ f f ≤ f g

c) n 2 Hasse F2 16

{a, b, c, d} 

Hasse 

15. � ( ) Fn

( n 

) f � g f 
–
g

–
fg f g : Bn

B

a) f � f f � 
–
f f � 1 f � 0

b)

i)

ii)

iii)

iv)

v)

vi)

vii)

15.1 (logic gates)

( ) 

15.1 (a) (b) (c) ( )

AND OR 

15.2 (w –x)(y xz) (logical or gating

network) ( ) (input)

(output) x 

x AND 

853

15.1

AND OR 



1)

2)

3) g g 

( ) g

4)

( ) s c

0 1 1 

15.8 (b) (c) s c x y 

c xy s –xy x–y x � y (x y)(–x –y) ( � OR )

15.3 (mul-

tiple output) - (half-adder) 15.8 

(b) (c) - OR 15.4(a)

- (full-adder) x xnxn 1 x2x1x0 y ynyn 1 y2y1y0

x y xi yi ci 1 xi 1 yi 1 (

854

15.2

15.10

15.8



ci 2) ci 1 xi yi

si ci 15.4(b) - -

x2x1x0 y2y1y0 c2s2s2s0

w x y z

f d.n.f. (a) 5 0101
–wx–yz (b) 7 0111 –wxyz f (w,

x, y, z) –wx–yz –wxyz w–x –y –z w–x –yz w–xyz –wx–y –z

855

15.3

-

15.4

-

15.11



a)

b)

15.11

f (w, x, y, z) Σm(4, 5, 7, 8, 9, 11) 

(minimal-sum-of-products)

1)

2) f ( ) 

[ f ( 0) 

15.15 ]

–w

w

15.5(a) 15.11 f d.n.f.

(b) f 15.5(c) f
–wx(y z) w–x(y z)

(c) (b) 

(c) 

(c)

( –y z) f (levels of

gating) (b) 

856



f 

Karnaugh

(Karnaugh map) Karnaugh Maurice Karnaugh (1924-)

1953 Karnaugh 

d.n.f. 

15.11 f d.n.f. –wx–yz –wxyz
–wxz –wx–yz –wxyz –wxz(–y y) –wxz(1) –wxz

g : B4 B g(w, x, y, z) wx–y –z wx–yz wxyz wxy–z
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15.5



( ) 

g g wx–y(–z z) wxy(z –z) wx–y wxy wx(–y y) wx

( 2n- ) 

h : B4 B h d.n.f. 12 

Karnaugh 

w x 15.9 f (w, x) wx g(w,

x) w x Karnaugh ( 0 )

(a) 1 wx w 1 x

1 wx 1 (b) 1 1
–wx w 0 x 1 1 1 w–x wx

15.9(b) d.n.f. –wx w–x wx

w–x wx w (

Karnaugh )
–wx wx x

( x w w –w x 

) 15.9(b) –wx w–x wx –wx w–x wx

wx (w–x wx) (–wx wx) w(–x x) (–w w)x w(1) (1)x w x

w x y 15.10 

xy 

00 01 01 11 

11 01 10 00 
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15.9

15.12



f(w, x, y) Σm(0, 2, 4, 7) 0 000(–w–x –y) 2 010(–wx–y) 4

100(w–x –y) 7 111(wxy) 1 15.10 

wxy 1 1 

(isolated) wxy f 
–wx–y 1 ( ) 

1 –w–x –y 1 ( ) (

) –wx–y –w –x –y –w –y(x –x) –w –y(1) –w –y x y 0 

1 –w –x –y w–x –y (–w w)–x –y (1)–x –y –x –y

f wxy –w –y –x –y

15.11 

a)

1 

[ y 0 f (w, x, y) –y ]

b)

c)

859

15.10

15.13

15.11



15.12 f Karnaugh ( ) 1 –w –x –y –z
–w –xy–z w–x –y –z w–xy–z –x –z(–w –y –wy w–y wy) –x –z 1 

–w –x ( 1
–w –xz –w –x ) (w 1 x 0) (y

0 z 1) 1 1 1 1
–w –x –y –z –w –x –y z w–x –y –z w–x –y z –x –y

f (w, x, y, z) –x –z –w –x –x –y

f (w, x, y, z) Σm(9, 10, 11, 12, 13) 15.13

1 1 ( w–xz) 

1 ( w–yz) wx–y

w–xy w–xz wx–y w–xy w–yz f 

Karnaugh 

f (w, x, y, z) Σm(3, 4, 5, 7, 9, 13, 14, 15) 15.14(a) 

1 xz 1 (b)

860

15.12

15.13

15.15

15.16

15.14



(b) f ( ) 

(a) ( ) xz

Karnaugh 

1)

2) 1 1 

3) 1 

( 1 

)

4)

1

f (v, w, x, y, z) Σm(1, 5, 10, 11, 14, 15, 18, 26, 27, 30, 31)

4 4 v 0 v 1 ( 15.15)

5 00101 v 0 

1 v 0 1 1

10 11 14 15 18 26 27 30 31 v 1 

1 1 v 1 

1 vw–xy–z

861

15.14

15.15

15.17



v–xy–z (v 0) 1 –v –w –y z

1 wy f (v, w, x, y, z) wy –v –w –y z v–xy–z

t v w x y z f (a) t 0

v 0 (b) t 0 v 1 (c) t 1 v 1 (d) t 1 v 0 

Quine-McCluskey

(

[3] )

g(w, x, y, z) �M(1, 5, 7, 9, 10, 13, 14, 15)

0 15.16 (

1 )

1 0 (–w x –y

z)(–w –x –y z) (–w –y z) x–x (–w –y z) 0 –w –y z ( 5 7

13 15 ) 0 –x –z 0 ( 1

5 9 13 ) y –z g(w, x, y, z) (–w –y z)(–x –z)(y –z)
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15.18

15.16

1. AND OR

15.6 

2. NAND† ( 15.6)

AND OR 

† NAND 
NAND



3. NAND NOR 2

4. AND OR

a)

b)

c)

5. 15.7 f w

x y z 

6. (a) NAND (b) NOR 

15.3 

7. 15.8 x

y 

8. f

f 

a) f : B3 B f (x, y, z) 1 

1

b) f : B4 B f (x, y, z) 1 

1

9.

a) f (w, x, y) Σm(1, 2, 5, 6)

b) f (w, x, y) � M(1, 4, 5)

c) f (w, x, y, z) Σm(0, 2, 5, 7, 8, 10, 13,

15)
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15.6

OR 

NAND 

NOR 

15.7

15.8



d) f (w, x, y, z) Σm(5, 6, 8, 11, 12, 13,

14, 15)

e) f (w, x, y, z) Σm(7, 9, 10, 11, 14, 15)

f) f (v, w, x, y, z) Σm(1, 2, 3, 4, 10, 17,

18, 19, 22, 23, 27, 28, 30, 31)

10.

f (w, x, y, z) � M(0, 1, 2, 4, 5, 10, 12, 13,

14)

11. f : Bn B x1 x2 xn

n f Karnaugh

x1 1 (a)

2 (b) 4 (c) 8 (d) 2k k � Z+ 

1 ≤ k ≤ n 1

12. g : B7 B x1 x2

x7 g Karnaugh

1 (a) x1

(b) x1x2 (c) x1x2x3 (d) x1x3x5x7

13. f :B4 B

( ) w x y z |f 1(0)| 
|f 1(1)| f

a) –x b) wy c) w–yz

d) x y e) xy z f) xy–z w
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Paula 

15.17 

Paula Amy Paula 

( ) Amy

15.19

15.17



s d b t r

Amy Sue Bettie

s b

b t r s d r d r t

f (s, d, b,

t, r) (s b)(b t r)(s d r)(d r)t

Karnaugh ( 15.18 ) 

f ( ) 

0 s b s 0 

0 0 s d b t r s b

0 t 0 0 

1 

1 srt

sdt brt dbt ( ) Amy

Sue Ruthanne Theresa 

Dorothy Bettie Theresa 

11 10

G (V, E) V E ( ) V

D G (dominating set) v � V v �

D v D

15.9 {a, d} {a, c, e} {b, d, e, f} 

{a, c, e} (minimal dominating set)

865

15.18

15.4



a c e 

{a, d} {b, d, e, f} {b, d, e} 

G

15.9 

G a a

a b d f (

b d f a ) a b d f b

a b c d 

g(a, b, c, d, e, f) (a b d f)(a b c d)(b c d) (a b c

d e)(d e f)(a e f)

g (a b d f)(b c d)

(d e f)(a e f)

[(a f)c (b d)][da (e f)] 

[ac fc b d][da e f]

acda ace acf fcda fce fcf

bda be bf dda de df

ace (acf acdf cef cf) 

(acd abd ad) be bf

de df

ace cf ad be bf de df

a c

e

866

15.20

15.9



(“don’t-care” conditions) 

15.10 0 1 2 9 

abce (e )

f 1 0 3 6 9 (

f 3 )

12 f 0 15.19

f (

) f 

(unspecified) f (incompletely

specified) f Σm(0, 3, 6, 9) d(10, 11, 12, 13, 14, 15)

d(10, 11, 12, 13, 14, 15) 10 11 12 13 14 15 

f 

15.20 Karnaugh f 

f 0 
–
bce 3 

0011(
–
a

–
bce) 1011(a

–
bce) bc

–
e 6 ae

9 15.11 15.10 ( ) ( 15.20

)

867

15.10

15.19

3

15.21



15.21 Karnaugh 

1 –w –xy–z 1 ( )
–w –x –y –z 1

–w –x y –z –w –x –y –z –w –x –z (y –y) –w –x –z wxyz 1 

w–xyz wxyz w–xyz

wyz –w –x –yz w–x –y –z 1 0 
–w –x –y –z w–x –y z –w –x –yz w–x –y –z

–w –x –y –z w–x –y z (–wz w–z –w –z wz)–x –y (w –w)(z –z)–x –y –x –y

[

1) –w –x –y –z
–w –x y –z
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15.22

15.21

15.11

15.20



869

1. Mona 

Jason 

(

u v w x y z)

15.22 

Mona 

Jason 

2. Karnaugh 

15.20

3.

a) f (w, x, y, z) Σm(1, 3, 5, 7, 9) d(10,

11, 12, 13, 14, 15)

b) f (w, x, y, z) Σm(0, 5, 6, 8, 13, 14)

d(4, 9, 11)

c) f (v, w, x, y, z) Σm(0, 2, 3, 4, 5, 6, 12,

19, 20, 24, 28) d(1, 13, 16, 29, 31)

4. 15.12 

0 1 2 15 

abce e 

a) f d.n.f. abce

f 1 f 0

b) f 

c)

10 15 

f

5. 15.13 

G

2) wx–y –z ]

f (w, x, y, z) Σm(0, 1, 2, 8, 15) d(9,

11, 12) Σm(0, 1, 2, 8, 15) d(9, 11) –w –x –z wyz –x –y

15.22

15.12

15.13



m m

� 0 ( ) 1 ( ) 

( ) 

(�, , , , 0, 1) x y z �

�

a) x y y x a)′ xy yx

b) x(y z) xy xz b)′ x yz (x y)(x z)

c) x 0 x c)′ x1 x 1 x

d) x –x 1 d)′ x–x x –x 0

e) 0 1

15.5 x y xy

� (�, , , , 0, 1)

� ( ) � �(�)

A B � � A B A � B AB A � B A A ( �) 

�

n � Z+ Fn {f : Bn B} n

15.2 

0 1 1

� 30 � {1, 2, 3, 5, 6, 10, 15, 30}

x y � � x y lcm(x, y) xy gcd(x, y) –x 30/x

1 30 (�, , , , 1, 30) 

870

15.23

15.24

15.25

15.5



gcd(x, lcm(y, z)) lcm(gcd(x, y), gcd(x, z)),

x y z � �

0 ≤ ki mi ni ≤ 1 1 ≤ i ≤ 3

lcm(y, z) 2s13s25s3 si max{mi, ni} 1 ≤ i ≤ 3

gcd(x, lcm(y, z)) 2t13t25t3 ti min{ki, max{mi, ni}} 1 ≤ i ≤
3 gcd(x, y) 2u13u25u3 ui min{ki, mi} 1 ≤ i ≤ 3

gcd(x, z) 2v13v25v3 vi min{ki, ni} 1 ≤ i ≤ 3

lcm(gcd(x, y), gcd(x, z)) 2w13w25w3 wi max{ui, vi] 1 ≤ i ≤
3

i � {1, 2, 3} wi max{ui, vi} max{min{ki, mi}, min{ki,

ni} ti min{ki, max{mi, ni}} wi ti

1 ≤ i ≤ 3 ki 0 wi 0 ti ki 1 wi max{mi, ni} ti

wi ti 1 ≤ i ≤ 3 

gcd(x, lcm(y, z)) lcm(gcd(x, y), gcd(x, z)).

30 m p1p2p3

p1 p2 p3 n 

p1p2 pn (

k � Z+ k 1 k )

p q

p q � �

p �
g ⇔ q � p p � q q � p �

S S p q s1 � s2 s1 ⇔
s2 � S S 16 

[s1] [s2] [s1�s2]

[s1][s2] [s1 � s2] [s1] [ s1] [T0] [F0]

871

15.26



19 

19 

(The Idempotent Laws) x � � (i)

x x x (ii) xx x

( 15.5 

)

i) ii)

(i) (ii)

(ii) (i) 0

1 1 0 15.5

(duals) (e)

- (self-dual)

(The Principle of Duality) s

s 15.5

sd

s s (

15.1 ) sd

� x y z � �

a) x 0 0 a)′ x 1 1

b) x(x y) x b)′ x xy x

c) [xy xz –xy –xz] ⇔ y z

c)′ [x y x z –x y –x z] ⇒ y z

d) x(yz) (xy)z d)′ x (y z) (x y) z

e) [x y 1 xy 0] ⇒ y –x ( )

872

15.2

15.1

15.3



f) =x x

g) –x–y –x –y g)′ x y –x –y DeMorgan

h)
–
0 1 h)′ –

1 0

i) x–y 0 i)′ x –y 1 

xy x x y x

a) 15.5(c), (a)
15.5(d)′
15.5(b)
15.5(c)
15.5(d)′

a)′ (a) 

c) y 1 y (x –x)y xy –xy xz –xz (x –x)z 1 z z (

)

c)′ (c)

d) (c)′ x [x(yz)] x [(xy)z] –x

[x(yz)] –x [(xy)z] x

[x(yz)] x x [(xy)z] [x (xy)](x z) x(x z) x –x

[x(yz)] (–x x)(–x yz) 1 (–x yz) –x yz –x [(xy)z] (–x xy)(–x

z) (–x x)(–x y))(–x z) (1 (–x y))(–x z) (–x y)(–x z) –x yz (

)

(c)′
d)′ (d)

e) –x –x 0 –x xy (–x x)(–x y) 1 (–x y) (–x y) 1

(–x y)(x y) –xx y 0 y y ( )

(e) - (f) (e) x
–x ( )

g) (e) –x –y xy

–x –y xy –x–y –x –y

873



Hasse

Hasse

a) � {1, 2, 3}

b) (�, , , , 1, 30) � {1, 2, 3, 5, 6, 10, 15, 30} x y lcm(x,

y) xy gcd(x, y) x 30/x 1

30 � � x � y x y

�

15.14 Hasse

1)

2) 15.14(a)

{1,

3} {1} � {3} {1, 2, 3} {1} � {2} � {3} (b) 2 3

5 1

6 lcm(2, 3) 30 lcm(2, lcm(3, 5)) lcm(2, 3, 5)

3 � � 

(a) A � B (b) A � B A (c) A � B B (d)
—
B �

—
A A B � � (a) (b) 

�

x y � � x ≤ y xy x

≤ �

≤

874
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15.4



xx x x � � x ≤ x 

x y � � x ≤ y y ≤ x xy x yx y

xy yx x y x ≤ y y ≤ z xy x yz

y x xy x(yz) (xy)z xz x xz x ≤ z

x 0 ≤ x x ≤ 1 ( ) 

30 15.4 

x ≤ y xy x xy gcd(x, y) gcd(x, y)

x x y

15.14 Hasse 

0 � x � � x 0 �

(atom) y � � y ≤ x ⇒ y 0 y x

a) � {1, 2, 3} {1}

{2} {3}

b) 30 2

3 5

c) Fn {f :Bn B} ( ) 

a) x � y � � xy 0 xy x

b) x1 x2 � x1 x2 x1x2 0

a) x y � � xy ≤ x (xy)x x(yx) x(xy) (xx)y xy x

xy ≤ x ⇒ xy 0 xy x

b) (a) 

x1 x2 xn � x � � xxi

0 1 ≤ i ≤ n x 0

875

15.7

15.27

15.5

15.6



x 0 S {y � �|0 y ≤ x} (0 y 0 ≤ y 0 y) x �

S S S z � � 0 z

≤ x � 0 z z 0 xz z 0

x 0 x 0

x1 x2 xn � x � �

x 0 ( ) 

x 0 15.6 S {xi|xxi 0} S {xi1, xi2, ,

xik} y xi1 xi2 xik 15.5(a) xy x(xi1 xi2 xik)

xxi1 xxi2 xxik xi1 xi2 xik xy y

(x–y)xi 1 ≤ i ≤ n xi � S xxi 0 (x–y)xi

0 xi � S (x–y)xi xxi(xi1 xi2 xik) xxi(
–xi1

–xi2
–xik)

x(xi
–xi)(z) z S {xi} xi

–xi 0

(x–y)xi 0 (x–y)xi 0 xi 1 ≤ i ≤ n 15.6

x–y 0

xy y x–y 0 x x 1 x(y –y) xy x–y xy 0 y xi1 xi2

xik

x x xj1 xj2

xjl

xj1 xi1 xi2 xik xj1 xj1 xj1 xj1(xj1

xj2 xil) 15.5(b) xj1x xj1(xi1 xi2 xik) 0

15.5(b) xj1 xi1 xi2 xik xj2, 

xjl l ≤ k k ≤ l

� x1 x2 xn

x � � ci � {0, 1}

( � (linear

combination) � ci 0 xi x ci 1 xi

x x � � n- (c1, c2, ,

cn) 2n n- 

� n |�| 2n

876
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n � Z+ 2n

15.14 Hasse 

(�1, , , , 0, 1) (�2, , , , 0, 1) �1

�2 (isomorphic) f : �1 → �2 f 

x1 y1 � �1

a) f (x1 y1) f (x1) f (y1)

( �1) ( �2)

b) f (x1 y1) f (x1) f(y1)

( �1) ( �2)

c) f(–x1) f(x1) [ f(–x1) �1 f (x1)

�2 ]

f (preserves)

15.14 f 

a) f 

b) f ({1} � {2}) f ({1, 2}) 6 lcm(2, 3) lcm(f ( {1}),  f ({2}))

c) f ({1, 2} � {2, 3}) f ({2}) 3 gcd(6, 15) gcd(f ({1, 2}),  f ({2, 3}))

d) f ({2}) f ({1, 3}) 10 30/3
–
3 f ({2})

e) ({1}, {2}, {3}) (2, 3, 5)

15.7 f 

877
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15.28



�

� � n xi 1 ≤ i ≤ n |�| 2n �

{1, 2, ,  n} �(�) �

x � � 15.7

ci 0 1 [ ci � {0, 1}( B) 

� cia 0 (� ) ci 0 cia a ci 1 ] 

f(x) {i|1 ≤ i ≤ n ci 1}.

[ (1) f (0) (2) f (xi) {i} xi 1 ≤ i ≤ n (3) f (x1

x2) {1, 2} (4) f (x2 x4 x7) {2, 4, 7} x y � �

ci di � {0, 1} 1 ≤ i ≤ n

si ci di 1 ≤ i ≤ n (

1 1 1 ) 

15.5(b) 

ti cidi 1 ≤ i ≤ n

f x

15.3(e) 15.5(b) 

878

15.9



( 15) 

f � �(�) 

f 

879

1. 15.25 

2. 15.3 

3. � 210 

� x y lcm(x,

y) x y xy gcd(x, y) –x 210/x

a) b) 

c) d) 

e) f) 

4. � � ≤
x ≤ y xy x

(a) x ≤ y x y

y (b) x ≤ y –y ≤ –x

5. (�, , , , 0, 1) 

≤
a) w � � w ≤ 0 w 0

b) x � � 1 ≤ x x 1

c) y z � � y ≤ z y ≤ –z

y 0

6. (�, , , , 0, 1) 

≤ w x y z � � w

≤ x y ≤ z (a) wy ≤ xy (b)

w y ≤ x z

7. � ≤
x y � � x ≤ y

8. Fn {f : Bn B} n

Fn

9. 15.5(b)

10. � �

11. f : �1 �2

a) f (0) 0,

b) f (1) 1

c) x y � �1 x ≤ y �2



f (x) ≤ f (y)

d) x �1 f (x) 

�2

12. �1 2310 

�2 {a, b, c, d, e} 

a) f : �1 �2 f(2) {a} f(3)

{b} f(5) {c} f(7) {d} f(11)

{e} f 35 110

210 330 

b) �1 �2

13. a) �1 �2 f :�1 �2

f(x y) f(x)

f(y) f(–x) –f –(–x–) x y �

�1 f 

b) (a) 

( )

14. 15.9 f 

15. � n x1 x2 xn

( |�| 2n ) 

1 x1 x2 xn

880

George Boole 

1854 An

Investigation of the Laws of Thought

19 20 

1938 Claude Elwood Shannon (1916-2001) 

[8] 

C. E. Shannon [9] [10] 

1940 1950 (

(bit) Claude E. Shannon 

)

E. W. Veitch [11] Maurice Karnaugh [4]

Quine-McCluskey 

Willard Van Orman Quine (1908-2000) [6, 7] Edward



J. McCluskey, Jr. (1929- ) [5] 6 

F. J. Hill G. R. Peterson

[3] Karnaugh [3] 7 Quine-

McCluskey Wakerly [12] 

T. L. Booth [1] 

( ) K. G. Gopolan 

[2]

15.4 

2n n � Z+ (

) 3 

n

{1, 2, 3, , n} 

881

Claude Elwood Shannon (1916-2001)



882

1. n ≥ 2 xi 1 ≤ i

≤ n

a)

b)

2. f g : B5 B f

Σm(1, 2, 4, 7, x) g Σm(0, 1, 2, 3, y, z,

16, 25) f ≤ g x y z

3. Eileen 

a) Margaret

Joan

b) Kathleen Nettie Mar-

garet 

c) Cathy Joan

d) Cathy Nettie 

e) Kathleen Nettie 

Eilleen 

(a) (e)

4. f g : B4 B f Σm(2, 4, 6,

8) g Σm(1, 2, 3, 4, 5, 6, 7, 8, 9, 11,

13, 15) h : B4 B f

gh

5. � ≤
x y z � � x y ≤ z

x ≤ z y ≤ z

6. 5 

7. � ≤
x y � �

a) x ≤ y –x y 1

b) x ≤ –y xy 0

8. x y � x

y x–y –xy 0

9. Karnaugh 

a) f(w, x, y, z) Σm(0, 1, 2, 3, 6, 7, 14, 15)

b) g(v, w, x, y, z) �M(1, 2, 4, 6, 9, 10,

11, 14, 17, 18, 19, 20, 22, 25, 26, 27, 30)

10. 15.15 

0 1 2 15 

abce e



a) g d.n.f. g 1 

abce 1 2 4 8 

b) g 

c)

10 15 

g ( )

11. n 22n

a) n x1 x2 xn

f - (self-dual) 

n 

-

b) f:B3 B f 

(symmetric) 

f f 

x y z 3 

n

12. �1 30030 

�2 {u, v, w, x, y, z} 

f :�1 �2 f(2) {u} 

f(6) {u, v}

13. (a) n 60 (b) n 120

n

( x y lcm(x, y) xy gcd(x,

y) –x n/x 1 n

)

14. a b c � � �

ab c a(b c) c ≤ a
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15.15

2 
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