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14 

(group)

George Polya 

G G (G, ) 

(group) 

1) a b � G a b � G (G ) 

2) a b c � G a (b c) (a b) c ( ) 

3) e � G a e e a a a � G ( ) 

4) a � G b � G a b b a e ( ) 

a b b a a b � G G 

(commutative or abelian) (abelian) Niels
885

16.1



Henrik Abel  (1802-1829)

16.1 G 

(closed) 

14.1 ( ) ( ) ( ) 

(G, ) r n � Z+ n ≥ 3 1 ≤ r n

a1 a2 ar ar 1 an G 

Z Q R C

0 Q* R*

C* ( Q R C ) 

(R, , ) (R, ) (field) (F, , )

(F*, )

n � Z+ n 1 (Zn, ) p

(Z*p, ) 16.1 16.2 n 6 p 7 

( Zn a [a] {a kn|k � Z}

Z*p ) 

G G G (order) |G| G

G 

886

16.1

16.2

16.1 16.2

16.2



n � Z+ | (Zn, ) | n | (Z*p, )| p 1 p

(Z9, , ) U9 {a � Z9|a Z9

} {a � Z9|a 1 } {1, 2, 4, 5, 7, 8} {a � Z+|1 ≤ a ≤ 8 gcd(a,

9) 1} 16.3 U9 (Z9, , ) 

9 1 ( U9)

5 2 7 4 ( ) 

a (b c) (a b) c a b c �

U9 (U9, ) 6 6 

n � Z+ n 1 Un {a � (Zn, , ) |a 

} {a � Z+|1 ≤ a ≤ n 1 gcd(a, n) 1} (Un, ) (

) n (Un, ) (Zn,

, ) (group of units) �(n) � 8.1

Euler phi 

a

b ab

G

a) G 

b) G 

c) a b c � G ab ac b c ( - ) 

d) a b c � G ba ca b c ( - ) 

887

16.3

16.4

16.3

16.1



a) e1 e2 G e1 e1e2 e2 ( ) 

b) a � G b c a b be b(ac) (ba)c ec

c ( ) 

(c) (d) (

) 

16.1(b) a a 1

a a ( ) 

a0

e a1 a a2 a a an 1 an a n � N

n � Z+ a n (a 1)n an

n � Z m n � Z am an am n (am)n amn

m n � Z

a � G

ma na (m n)a m(na) (mn) a.

0 e a � G 0a

0 a 0 0 ( Z ) 0

0 ( G ) [ 0 ]

G n � Z a b � G (1)

(ab)n anbn G (2) n(a b) na nb

G 

G (Z6 ) H {0, 2, 4} H G 

16.4 (H ) G 

888

16.5

16.4



G H � G H G 

H G (subgroup)

a) G {e} G G (trivial) 

(nontrivial) (proper) 

b) H {0, 2, 4} K {0, 3} G (Z6, ) ( )

c) {1, 8} {1, 4, 7} (U9, ) 

d) (Z, ) (Q, ) (Q, ) (R, ) 

Z* (Q*, ) ( ) 

G H � G H G 

H G H G (a) 

a b � H ab � H (b) a � H a 1 � H

H G 16.3 H

H

� G H (a) (b) a b c � H (ab)c a(bc) G

(ab)c a(bc) H ( H G )

H a � H (b) a 1 � H (a) aa 1 e � H

H

G H � G H (finite) H G 

H G 

16.2 H G H G 

H G a

� H aH {ah|h � H} � H G - ah1

ah2 ⇒ h1 h2 |aH| |H| aH � H |aH| |H| H

aH H a � H b � H ab a ( G) ab a ae

b e H e � H aH c � H ac

e (ca)2 (ca)(ca) (c(ca))a (ce)a ca (ca)e ca e c

a 1 � H 16.2 H G 

889

16.3

16.6

16.2

16.3



16.3 Z+ N (Z, ) 

16.1(a) 

C (

) 120° 16.1(a) 

16.1(a) 1 3 

2 1 3 2 

π1 : {1, 2, 3} {1, 2, 3} π1(1) 3 π1(2) 1 π1(3) 2

π1(i) i 1 ≤ i ≤
3 π1 {1, 2, 3} π2 240° π2

π0 n(360°) n � Z 

π0 (rigid motions)

- C

16.1(b) 

r1 r2

r3 ri 1 ≤ i

≤ 3 -

G {π0, π1, π2, r1, r2, r3} ( ) 

αβ α β � G α β 
π1r1 r3

π1r1 π1(1)

3 r1(3) 3 π1r1

890

16.7

16.1



( π1r1 5.6 

5.6 

) π1r1 r3

16.5 G π0

π1
1 π2 π2

1 π1 G 

5.6 ( )

π1r1 r3 16.5 r1π1 r2 π1r1

r3 r2 r1π1 G 

{1, 2, 3} 

S3 ( (symmetric) )

S4 {1, 2, 3, 4} 24 

S4 α2

π0 β3 S4 8 

(G, ) (H, *) G H (g1, h1) (g2,

h2) (g1 g2, h1 * h2) (G H, ) G H

(direct product)

(G H, ) 

(Z2, ) (Z3, ) G Z2 Z3 (a1, b1) (a2, b2)

(a1 a2, b1 b2) G 6 (0, 0)

891

16.5

16.8

16.4

16.9



(1, 2) (1, 1)

892

1.

a) { 1, 1} 

b) { 1, 1} 

c) { 1, 0, 1} 

d) {10n|n � Z} 

e) g : A A 

A {1, 2, 3, 4}

f) {a/2n|a, n � Z, n ≥ 0} 

2. 16.1 (c) (d)

3. Z

4. G {q � Q|q 1} G 

x y x y xy

(G, ) 

5. Z x y x y

1 (Z, ) 

6. S R* R S

(u, v) (x, y) (ux, vx y) (S,

) 

7. U20 U24 U20 U24

(Z20, , ) (Z24, , ) 

8. G G 

(ab)2 a2b2 a b � G

9. G a b �

G

(a) (a 1) 1 a (b) (ab) 1 b 1a 1

10. G a

b � G (ab) 1 a 1b 1

11.

(a) (Z12, ) (b) (Z*11, ) (c) S3

12. a) (2- 3- )

b) 16.5 

13. a) (2- 3-

) 

b) n n ≥ 3 (a)

14. S5

15. G H {a � G|ag ga

g � G} H G 

( H G (center) )

16. ω 
a) ω8 1 ωn 1 n � Z+ 1 ≤
n ≤ 7

b) {ωn|n � Z+, 1 ≤ n ≤ 8} 

17. a) 16.4

b) 16.4 16.9 

Z6 Z6 Z6 Z3
6



i)

ii) 6 Z3
6

12 Z3
6

36 Z3
6

iii) (2, 3, 4) (4, 0, 2) (5, 1, 2) 

18. a) H K G H �

K G 

b) G H K H

� K G 

19. a) (Z*5, ) x x x 1

b) (Z*11, ) x x x 1

c) p (Z*P, ) 

x x x 1

d) (p 1)! 1 (mod p) p

[ Wilson 

John Wilson  (1741-1793) 

Joseph Louis Lag-

range (1736-1813) 1770 

20. a) (U8, ) x x 1 x 7

x x 1

b) (U16, ) x x 1 x

15 x x 1

c) k � Z+ k ≥ 3 (U2k, ) 

x x 1 x 2k 1 x x 1

893

G (Z, ) H (Z4, ) f : G H

f(x) [x] {x 4k|k � Z}.

x y � G,

f(x y) [x y] [x] [y] f(x) f(y) ,

G H

14.3 f 

f

(G, ) (H, *) f : G H f (group

homomorphism) a b � G f (a b) f(a) * f(b)

16.10

16.4



f

(G, ) (H, *) eG eH f : G H

a) f (eG) eH

b) f (a 1) [f (a) ] 1 a � G

c) f (an) [f (a) ]n a � G n � Z

d) f (S) H G S

a) eH * f (eG) f (eG) f (eG eG) f (eG) * f (eG) [ 16.1(d)  ]

- f (eG) eH

b) & c) 

d) S G S f (S) x y � f (S)

x f (a) y f (b) a b � S S G a

b � S x * y f (a) * f (b) f (a b) � f (S) x 1 [f (a)] 1

f (a 1) � f (S) a 1 � S a � S 16.2 f (S) 

H

f : (G, ) (H, *) f

(isomorphism) f G H

(isomorphic groups)

f : (R+, ) (R, ) f (x) log10 (x)

( ) a b � R+ f (ab) log10 (ab) log10 a

log10 b f (a) f (b) f

f

( ) (

) 

G {1, 1, i, i} 16.6 

H (Z4, ) f : G H

f (1) [0] f ( 1) [2] f (i) [1] f ( i) [3].

894

16.5

16.5

16.11

16.12



f ((i)( i)) f (1) [0] [1] [3] f (i) f ( i) f (( 1)( i)) f (i)

[1] [2] [3] f ( 1) f ( i) .

G {1, 1} f {[0], [2]} H

G i 1 i i 2 1 i 3 i i 4

1 G i i (generates) G

G 〈 i 〉 (G 〈 i 〉 ) 

G (cyclic) x � G a �

G a xn n � Z

a) H (Z4, ) 

[1] [3] H [3] 

1 [3] [3] 2 [3]( [3] [3]) [2] 3 [3] [1] 4 [3] [0]

H 〈[3]〉 〈[1]〉
b) 16.4 U9 {1, 2, 4, 5, 7, 8}

21 2 22 4 23 8 24 7 25 5 26 1 U9

6 U9 〈2〉 U9 〈5〉 51 5 52

7 53 8 54 4 55 2 56 1

G a � G

S {ak|k � Z} 16.2 S G a

(subgroup generated by a) 〈a〉 16.12 〈i〉
〈 i〉 G 〈 1〉 { 1, 1} 〈1〉 {1} 16.13(a)

H 〈 [1]〉 〈 [3]〉 〈 [2]〉 {[0], [2]} 〈 [0]〉
{[0]} (b) U9 U9 〈2〉( 〈 [2]〉)
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16.6

16.6

16.13



〈5〉 〈4〉 {1, 4, 7} 〈7〉 〈8〉 {1, 8} 〈1〉 {1}

G a � G a (order) �(a) |〈a〉|
( |〈a〉| a ) 

16.12 �(1) 1 �( 1) 2 i i 4

|〈a〉| |〈a〉| 1

a e a a1 � 〈a〉 e a0 � 〈a〉 |〈a〉| a e

〈a〉 {am|m � Z} {a, a2, a3, } {am|m � Z+} 

s t � Z+ 1 ≤ s t as at at s e t

s � Z+ e � {am|m � Z+} n an e

〈a〉 {a, a2, a3, , an 1, an ( e)}

|{a, a2, a3, , an 1, an ( e)}| n au av

u v 1 ≤ u v ≤ n av u e 0 v u n

n |〈a〉| ≥ n k �

Z k qn r 0 ≤ r n ak aqn r (an)q(ar)

(eq)(ar) ar � {a, a2, a3, , an 1, an ( e a0) } 〈a〉 {a, a2, a3,

, an 1, an( e)} � (a) an e

(smallest positive integer) n

a � G �(a) n k � Z ak e n|k
( ) k qn r 0 ≤ r n

0 r n n �(a) 

r 0 k qn

16.7(b)

16.13(b) U9 {1, 2, 4, 5, 7, 8} 〈2〉
f : U9 (Z6, ) 

f (1) [0] f (2) [1] f (4) [2]

f (5) f (25) [5] f (7) f (24) [4] f (8) f (23) [3]

a � U9 a 2k 0 ≤ k ≤ 5

896

16.7

16.6

16.14



f (a) f (2k) [k] f

f (2 5) f (1) [0] [1] [5] f (2) f (5) f (7 8) f (2) [1] [4] [3]

f (7) f (8)

a b U9 a 2m b 2n 0 ≤ m ≤
5 0 ≤ n ≤ 5

f (a b) f (2m 2n) f (2m n) [m n] [m] [n] f (a) f (b) .

f U9 (Z6, ) 

[ f 

g : U9 (Z6, )

g(1) [0] g(5) [1] g(7) g(52) [2]

g(8) g(53) [3] g(4) g(54) [4] g(2) g(55) [5]

]

G 

a) |G| G (Z, )

b) |G| n n 1 G (Zn, )

a) G 〈a〉 {ak|k � Z} f : G Z f (ak) k ( ak

at k t f ) am an � G f (am an) f

(am n) m n f (am) f (an) f 

f

b) G 〈a〉 {a, a2, , an 1, an e} f : G Zn f (ak)

[k] ( ) 

G 〈g〉 G gm gn gm n gn m gn gm

m n � Z 16.7 H �(e) 1,

�(a) �(b) �(c) 2 H 4 H

( H Klein Four ) 

897

16.7

16.15



G 〈a〉 H G H ak

k � Z H {e} t at � H (

t ) H 〈at〉 at � H H

〈at〉 � H b � H b as s � Z

s qt r q r � Z 0 ≤ r t as aqt r ar

a qtas (at) qb H G at � H ⇒ (at) q � H

(at) q b � H ar (at) qb � H ar � H r 0 t

r 0 b aqt (at)q � 〈at〉 H 〈at〉

898

16.8

1. 16.5 (b) (c)

2.

a) A2 A3 A4

b) {A, A2, A3, A4} 

c) (b) 16.6 

3. G (Z6, ) H (Z3, ) k

(Z2, ) H K 

G

4. f : G H H

G H

5. (Z Z, �) (a, b) �

(c, d) (a c, b d) a c b

d Z

(G, ) f : Z Z

G f (1, 3) g1

f (3, 7) g2 g1 g2 f (4,

6)

6. f : (Z Z, �) (Z, ) 

f (x, y) x y [ (Z Z,

�) 5 (Z, ) 

]

a) f Z

16.7



b) (a, b) � Z Z f (a, b)

0

c) f 1 (7)

d) E {2n|n � Z} f 1(E) 

7. (a) (b) 

8. S5 n

2 ≤ n ≤ 5

S5 ( ) 

9. a) (Z40, ) 10 

b) G 〈a〉 40 

G 10

10. a) (Z14, , ) 

U14

b) U14

11. (Z*p, ) 5 7

11

12. G f (a) a 1

f : G G 

G 

13. f : G H g : H K

g f : G K (g

f) (x) g(f (x))

14. ω G 

{ωn|n � Z+, 1 ≤ n ≤ 8}

a) G 〈x〉 G 

x � G

b) G (Z8, )

15. a) (Z12, ) (Z16, )

(Z24, ) 

b) G 〈a〉 �(a) n ak k �

Z+ G k n

c) G n 

16. f : G H a

� G �(a) n �(f (a)) k ( H

) k|n

899

ag a g

G G H |H| 
|G|

H G a � G aH {ah|h � H} 

H G (left coset) Ha {ha|h � H} H G 

(right coset)

G a H aH a H {a h|h
� H}

16.8



(coset) 

G 16.7 H {π0, π1, π2} r1H {r1π0, r1π1,

r1π2} {r1, r2, r3} r2H r3H {r1, r2, r3} π0H π1H

π2H H

|αH| |H| α � G G H � r1H G 

K {π0, r1} r2K {r2, π2} r3K {r3, π1}

G G K � r2K � r3K ( Kr2 {π0r2, r1r2} {r2, π1}

r2K ) 

G (Z12, ) H {[0], [4], [8]}

[0] H {[0], [4], [8]} [4] H [8] H H

[1] H {[1], [5], [9]} [5] H [9] H

[2] H {[2], [6], [10]} [6] H [10] H

[3] H {[3], [7], [11]} [7] H [11] H

H � ([1] H) � ([2] H) � ([3] H) G 

H G a b � G (a) |aH| |H|
(b) aH bH aH � bH

a) aH {ah|h � H} |aH| ≤ |H| |aH| |H| ahi ahj

hi hj H G - hi hj 

|aH| |H|
b) aH � bH c ah1 bh2 h1 h2 � H x � aH

x ah h � H x (bh2h1
1)h b(h2h1

1h) � bH 

aH � bH y � bH ⇒ y bh3 h3 � H ⇒ y (ah1h2
1)h3

a(h1h2
1h3) � aH bH � aH aH bH

g � G g � gH e � H 16.1

900

16.16

16.17

16.1



(b) G 

Lagrange (Lagrange Theorem) G n

H m m n

H G m n a � G H

a � H aH H aH � H G aH � H |G| |aH| |H|
2|H| b � G (H � aH) bH � H

bH � aH |bH| |H| G bH � aH � H |G| 3|H|
c � G c � bH � aH � H G 

G a1H � a2H � � akH |G|
k|H| m n

12

G a � G �(a) |G|

901

16.9

16.1

16.2

1. G S4 (a) 

H 〈α〉 (b) H G 

2. α 
1

3. � S4 〈γ〉 

4. G (Z24, ) H 〈[3]〉 
K 〈[4]〉 

5. G H K |G|

660 |K| 66 K � H � G |H|

6. R u R

7. G S4

H G 

a) H G 



A

14.3 16.3 

14.3 14.15

m E : Zm Zm

- E(θ) (θ �) mod m θ � �

Zm � ( 0) ( k 0 ) 

m 1 � �

D : Zm Zm D(θ) (θ �) mod m

( m ) E : Zm

902

b) G H

c) (Z2 Z2, �) (a, b) �

(c, d) (a c, b d) a c b d

2 H

8. G n a � G

an e

9. p (a) G 2p

G (b) 

G p2 G p

10. 16.1 16.2

11. H K G e G

a) |H| 10 |K| 21 H � K

{e}

b) |H| m |K| n gcd(m, n) 

1 H � K {e}

12. Lagrange 

G n

H m G 

a) G � a b �

G a � b a 1b � H �

G 

b) a b � G a � b 

aH bH

c) a � G [a] a R

[a] aH

d) a � G |aH| |H|
e) Lagrange 

|H| |G|
13. a) Fermat p ap

a (mod p) a � Z [ 14.3

22(a) ]

b) Euler n � Z+ n 1

a � Z gcd(a, n) 1

a�(n) 1 (mod n)

c) (a) (b) 

d) 6 8 



Zm E(θ) (αθ �) mod m θ α � � Zm α
� α Zm [ gcd(α , m) 1]

D : Zm Zm D(θ) [α 1(θ �)] mod m (α, �) 

m� (m) α �

( � (α, �) ]

RSA - (public-key) 

Ronald Rivest (1948-) Adi Shamir (1952-) Leonard

Adleman  (1945-) (

RSA ) 

14.3 16.3 

m

p q

100 (

) p q n pq r (p 1) (q

1) � (p)�(q) �(pq) �(n) Zr (Z�(n)) 

e

[ e

p ( q ) q ( p )

p q pq

p q 1 (p q 1) / (pq) (1/q)

(1/p) (1/ (pq)) p q 100 ]

p 61 q 127 n (61)(127) 7747 r �(61)

�(127) (60)(126) 7560 e 17

INVEST IN BONDS

14.15(b) “I” 08 (

8) “N” 13

0813 “IN” [

“X” ( )]

903

16.18



I N V E S T I N B O N D S X

08 13 21 04 18 19 08 13 01 14 13 03 18 23

E B 

E(B) Be mod n ( 14.16 ) 

E Z26

( ) 

2169 0628 5540 2169 6560 6401 4829.

e Zr ( Z�(n)) 

( 14.13) e 1 d D D

(C) C d mod n C e 1 d ed 1 mod

�(n) ed mod �(n) 1 ed k�(n) 1 k � Z

Zn e ( Zn

) B B Zn

B Zn (Zn, , ) 

�(n) 16.3 8

Bed Bk�(n) 1 (B�(n))k B1 B (mod n) Bed mod n B [

Euler 16.3 13(b) ]

p 61 q 127 n pq 7747 r

�(n) (p 1)(q 1) (60)(126) 7560 e 17

d e 1 3113 21693113 mod 7747 0813 

06283113 mod 7747 2104

RSA -

RSA -

- (n, e) 

d e 1 Zr (

Z� (n)) n r

904



r (p 1)(q 1) p q n

p q 100 

RSA

n r (p 1)(q 1) 

p q pq (p 1)(q 1) 1 n �(n) 1 n r 1.

n r p q n pq

905

1. INVEST IN STOCKS 

e 7 n 2573 RSA

2. ORDER A PIZZA e 5

n 1459 RSA

3. RAS 1418 1436 2370 1102

1805 0250 e 11 n

2501

4. RAS 0986 3029 1134 1105

1232 2281 2967 0272 1818 2398 1153 

e 17 n 3053

5. p q n pq 121,361 �(n)

120,432

6. p q n pq 5,446,367 �

(n) 5,441,640



(algebraic

coding theory) Glaude Shannon  (1948) 

Marcel Golay (1949) Richard Hamming (1950) 

0 1 

0 1 

(binary symmertic channel)

16.2 0 1 

0 1 

( ) p p

(symmetric) 0 1 p

0 0 1 p 16.2

c 10110 c Z5
2 Z5

2

(Z2, ) 10110 (1, 0, 1, 1, 0)

c ( ) 

p 0.05 c (0.95)5
�0.77

906

16.2

16.19



(independent) ( ) 

5- r 00110 

0.05

c 10110 r 00110 (0.05)(0.95)4

�0.041 e 10000 c e r r c

(error pattern) e 10000 c r e � Z5
2 1

1 Z2 c r e r e c

c 10110 r 00100 

(0.05)(0.95)2(0.05)(0.95)�0.002,

c 10110 r c

1 0 

0.002

c � Zn
2 c 

p

a) r c e pk(1 p)n k e k 1 (n k)

0 

b) ( ) k 

16.19 c 10110 

p

907

16.10

† ( ) 3.5 3.7 



p 10 5

p 1/2

m n � Z+ n m W � Zm
2 W (mess-

ages) n m w � W

(code word) c c � Zn
2 (encoding) 

E : W Zn
2 E(w) c E(W) C � Zn

2 E

( ) c

T(c) T(c) � Zn
2 T T(c) 

( ) (

16.3) 

T(c) D : Zn
2 Zm

2

w D T E W

D : C W E D

T(c) w

c E(w) m/n

w m/n (efficiency) 

(rate) E D

E D (n, m) 

(encoding) (decoding) 

(m 1, m) m 8 W Z8
2 w w1w2

w8 � W E : Z8
2 Z9

2 E(w) w1w2 w8w9

2 E(11001101) 110011011 E(00110011)

001100110

w � Z8
2 E(w) 1 w 11010110 E(w)

908

16.3

w

(Zm
2 ) c E(w)

(Zn
2 ) 

T(c) 
(Zn

2 ) (Zm
2 )

16.20



110101101 T(c) T(E(w)) 100101101 T(c) 

1

110101101 

p 0.001

1

110101101 0.99996393 †

T(c) 

(m 1, m) -

(parity-check code) 

11010110 (0.999)8 0.99202794 

-

0.99996393 ( )

1 8/9

8 160 8 

(0.999)160
�

0.85207557 - 180 

(0.999964)20
�0.99928025

(3m, m) (triple repetition code) 

m 8 W Z8
2 E : Z8

2 Z2
24

E(w1w2 w7w8) w1w2 w8w1w2 w8w1w2 w8

w 10110111 c E(w) 101101111011011110110111

D : Z2
24 Z8

2 T(c)

9 

909

† p 0.001 110101101 

q 110101101 (0.999)9 ( ) 

16.21



101001110011011110110110 4 9 24

T(c) 1 ( )

1

0 ( ) 10110111

( ) 16 

( ) 

p 0.001

(0.99999700)8 0.99997600

- (

) 24 

1/3 (

)

910

1. C C � Z7
2

e ( ) r (

) c ( ) r c

e

a) c 1010110 r 1011111

b) c 1010110 e 0101101

c) e 0101111 r 0000111

2.

p 0.05 c 011011101 

(a) r 011111101 

(b) r 111011100 

(c) 

(d) 

(e) 

(f) 

3. E : Z3
2 Z9

2 (9, 3) 

a) D : Z9
2 Z3

2

D (i) 111101100;

(ii) 000100011; (iii) 010011111

b) r D(r)

000

c) w � Z3
2 |D 1(w)| 

4. (5m, m) E : Zm
2

Z2
5m E(w) wwwww

D : Z2
5m Zm

2 (

) 

a) p 0.05 0



b) 110 0 (a)

c) m 2 r 01110

01001

d) m 2 r D(r)

00

e) m 2 D : Z2
10 Z2

2 w �

Z2
2 |D 1(w)| 

a g 

- -

Richard Wesley Hamming (1915-1998) 

C � Z4
2 c1 0111 c2 1111 � C

C c1

T(c1) 1111 c2 c2

( )

x x1x2 xn � Zn
2 n � Z+ x (weight)

wt(x) x xi 1 ≤ i ≤ n xi 1 y � Zn
2 x y

(distance) d(x, y) xi yi 1 ≤ i ≤ n

n 5 x 01001 y 11101 wt(x) 2 wt(y) 4 d(x,

y) 2 x y 10100 wt(x y) 2 d(x, y)

wt(x, y) 1 ≤ i ≤ 5 xi yi 1 wt(x, y) ⇔ xi yi

⇔ xi yi 1 d(x, y) [ n � Z+

wt (x y) d(x, y) x y � Zn
2 ]

x y � Zn
2

1 ≤ i ≤ n

911

16.9

16.22



x y � Zn
2 wt(x y) ≤ wt(x) wt(y)

1 ≤ i ≤ n x y x y xi

yi xi yi xi

yi 1 xi 0 yi 0 1 ≤ i ≤ n xi yi 1

xi yi 1

16.22 

wt(x y) wt(10100) 2 ≤ 2 4 wt(01001) wt(11101) wt(x) wt(y)

Zn
2 Zn

2 d x y z � Zn
2

(a) d(x, y) ≥ 0 (b) d(x, y) 0 ⇔ x y

(c) d(x, y) d(y, x) (d) d(x, z) ≤ d(x, y) d(y, z) 

(d)

Zn
2 x y 0 d(x, z) wt(x z) wt(x (y y) z) wt((x

y) (y z)) ≤ wt(x y) wt(y z) 16.2 wt(x y) d(x, y) 

wt(y z) d(y, z) ( (Triangle

Inequality )

16.11 

(distance function) (metric) (Zn
2, d) 

(metric space) d ( ) Hamming (Hamming

metric)

n k � Z+ x � Zn
2 x k (sphere) 

S(x, k) {y � Zn
2|d(x, y) ≤ k}

n 3 x 110 � Z3
2 S(x, 1) {110, 010, 100, 111} S(x, 2)

{110, 010, 100, 111, 000, 101, 011}

E : W C W � Zm
2 E(W) C �

Zn
2 m n k � Z+

≤ k k 1

912

16.2

16.11

16.10

16.23

16.12



C w � W c E(w) 

c T(c) r k 1 c

k r C e wt(e)

≤ k c1 c2 d(c1, c2) k 1 c2 c1 e wt

(e) ≤ k c1 T(c1) c2 c2

≤ k

-

E W C 16.12 k

� Z+ D : Zn
2 W ≤ k

2k 1

c � C S(c, k) {x � Zn
2|d(c, x) ≤ k} D : Zn

2 W

r � Zn
2 r � S(c, k) c D(r) w E(w) c

[ c r ( ) ] r � S(c, k) c � C

D(r) w0 w0

D

r � Zn
2 r S(c1, k) S(c2, k) c1 c2

r � S(c1, k) ⇒ d(c1, r) ≤ k r � S(c2, k) ⇒ d(c2, r) ≤ k d(c1, c2) ≤ d

(c1, r) d(r, c2) ≤ k k 2k 1 2k

1 D ≤ k

c1 c2 � C d(c1, c2) ≤ 2k c2 c1

2k c1 ( d

(c1, c2)/2 ) r c1 e1 wt(e1) ≤ k r

c2 r e2 c2 wt(e2) ≤ k r c2 e2

c1 e1 r c2 e2 wt(e1) wt(e2) ≤ k r

≤ k

W Z2
2 E : W Z6

2

E(00) 000000 E(10) 101010 E(01) 010101 E(11) 111111.

3

913

16.13

16.24



D : Z6
2 W D(x) 00 x � S(000000, 1)

D(x) 01 x � S(010101, 1) D Z6
2 

14 D S(101010, 1) S(111111, 1) 14 

36 D(x) 00 ( ) 36

16.12 16.13 

2k 1 ≤ 2k

≤ k

16.24

(6, 2) - E : W ( Z2
2) Z6

2 E(w1w2)

w1w2w1w2w1w2 E Z6
2 Z2

2

1 3 (

16.24 )

r 100000 [� E(w)] 

d(000000, r) 1 d(101010, r) 2 d(010101, r) 4 d(111111,

r) 5 r 000000 r

10 ( 101010) r

100000 r 000000 000000 

00 2 

t � N r c1 d(c1, r) ≤ t

r c1 ( r c1 t 0 ) 

c2 d(c2, r) d(c1, r) d(c, r) t c

( )

2t s 1 s � N ≤ t

t 1 ( ) t s ( ) 

914



(6, 2) -

1) t 0 s 2 ≤ 2

2) t 1 s 0 -

(10, 2) - 5

1) t 0 s 4 ≤ 4 

2) t 1 s 2 e

2 ≤ wt(e) ≤ 3

3) t 2 s 0 ≤ 2 -

[ S.Roman [24] 4 ]

Z2

C 

Z2 3 6 G 3 3 I3 A G 

G [I3|A] ( ) G

(generator matrix)

G E : Z3
2 Z6

2 w � Z3
2 E(w)

wG Z6
2 w -

G 7 1

1 0 1 1 1

( W Z3
2 Z3

2

) 

915

16.25



E(110) G E(010) G 

3 ≤ 2 

( ) 

w w1w2w3 � Z3
2 E(w) w1w2w3w4w5w6 � Z6

2

w4 w1 w3 w5 w1 w2 w6 w2 w3

- (parity-check equations) wi � Z2 1 ≤ i ≤ 6

wi wi

(E(w))tr E(w) r r1r2 r6 � Z6
2 r 

916



H [B|I3] B A B

Atr

3

r 110110 c r

r H rtr r

(syndrome)

r

d(100110, r) 1 c � C d(r, c) ≥ 2 r c e

100110 010000 ( 1 ) r

H rtr H

r c w c

r c e c e 1 

1 e i 1 ≤ i ≤ 6

c H ctr 0 H rtr H etr H i

c r i c i

c

r 000111

917



H H rtr H

H r tr H r

100110 H r 

001101 H

3

16.25 m n � Z+ m

n E : Zm
2 Zn

2 Z2 m n G 

G [Im1| A] A m (n

m) E(w) wG w � Zm
2 C E(Zm

2) � Zn
2

- (parity-check matrix) H [Atr|
In m] (n m) n E

w w1w2 wm � Zm
2 E(w) w1w2 wmwm 1 wn wm 1, , wn

H (E (w))tr 0 n m ( - ) n m 0

- H

a) H 0 ( H i 0 H rtr 0

r r

i r C

) 

b) H ( H i j H rtr

r ) 

H r � Zn
2

T(c) r

1) H rtr 0 r 

r m

918



2) H rtr H i

r i c c m

3) 1 2

H -

H [B|In m] E

G [Im|Btr] 

919

1. 16.24 S(101010, 1) S

(111111, 1) 

2. 16.24 

a) 110101 b) 101011

c) 001111 d) 110000

3. a) x � Z2
10 |S(x, 1)| |S(x, 2)|

|S(x, 3)|
b) n k � Z+ 1 ≤ k ≤ n x �

Zn
2 |S(x, k)| 

4. E : Z5
2 Z2

25

9

≤ k k

≤ n n

5.

a) E : Z2
2 Z5

2

00 00001 01 01010

10 10100 11 11111

b) E : Z2
2 Z2

10

00 0000000000 01 0000011111

10 1111100000 11 1111111111

c) E : Z3
2 Z6

2

000 000111 001 001001

010 010010 011 011100

100 100100 101 101010

110 110001 111 111000

d) E : Z3
2 Z8

2

000 00011111 001 00111010

010 01010101 011 01110000

100 10001101 101 10101000

110 11000100 111 11100011

6. a) 16.25 -

H

i) 111101 ii) 110101

iii) 001111 iv) 100100

v) 110001 vi) 111111

vii) 111100 viii) 010100

b) (a) 

7. E : Z2
2 Z5

2

a)



b) - H

c) H

i) 11011 ii) 10101 iii) 11010

iv) 00111 v) 11101 vi) 00110

8. -

E : Z3
2 Z6

2

a)

b)

9. -

16.20 (9, 8) -

10. a) 1 9 G [1 1 1 1] 

(9, 1) 

b) - H

11. G [Im|A] 

- H [Atr|In m]

[In m|Atr] - [A|Im]

(n, n m) Cd C

(dual code) 9 10 

12. n � Z+ M(n, k) � Zn
2

n

2k 1

(|M(n, k)| Hamming

(Hamming bound) Gilbert

(Gilbert bound)

920

E : Zm
2 Zn

2 n m C E(Zm
2) 

(group code) C Zn
2

( 16.24 ) E : Z2
2 Z6

2

E(00) 000000 E(10) 101010 E(01) 010101 E(11) 111111.

2 Z2
2 Z6

2 C E(Z2
2) {000000,

101010, 010101, 111111} Z6
2 (

16.11



C 000000 Z6
2 ) 

a b c � C a b d(a, b) c

C a b d(a, b) wt(a

b) c d(a, b) ≥ wt(c) wt(c) d(c, 0)

0 C a b d(c, 0) ≥
d(a, b) wt(c) ≥ d(a, b) d(a, b) wt(c)

C |C| 1024 523,776 

C

C 1023 

16.5(d)

E : Zm
2 Zn

2 C E

(Zm
2) Zn

2

G - H

( ) G 

- H

E : Zm
2 Zn

2 G -

H C E(Zm
2) 

G H E

x y � Zm
2 E(x y) (x y)G xG yG E(x) E(y) E

C E(Zm
2) [ 16.5(d)]

H x E(x) x1x2 xmxm 1 xn x

x1x2 xm � Zm
2 H (E(x))tr 0 E(x) 

y x y E(x y) (x1 y1) (x2

y2) (xm ym) m E(x) E(y) H (E (x)

E(y))tr H (E(x)tr E(y)tr) H E(x)tr H E(y)tr 0 0 0 E(x y)

Zn
2 (x1 y1) (x2 y2) (xm ym) m 

H (E(x y)tr 0 E(x y) E(x) E(y) E

921

16.14

16.15



C {c � Zn
2|H ctr 0} 

C Zn
2

16.25 

1) C

2) Z6
2 ( Zn

2) x x

x C

x c c c � C x 100000

3) (2) Z6
2 ( Zn

2) 

16.8 (decoding table)

4) r r

c r

r1 101001 r2 111010 r3 001001 r4 111011

c1 101011 c2 111000 c3 001101 c4 101011.

922

16.26

16.8 16.25 



w1 101 w2 111 w3 001 w4 101.

16.8 (coset leaders)

100001 001010 010100

2 [

( 010100 ) r

r 001010 ( 2) 

000000 101011 011110 ]

r1 r2 r3 r4

r1 101001 r2 111010 x

00010

C � Zn
2 - H r1 r2 � Zn

2

C Zn
2 r1 r2 C H (r1)

tr

H (r2)
tr

r1 r2 r1 x c1 r2 x c2 x 

c1 c2 r1 r2 H (r1)
tr H

(x c1)
tr H xtr H c1

tr H xtr 0 H xtr c1

H (r2)
tr H xtr r1 r2 H (r1)

tr H

(r2)
tr⇒ H (r1 r2)

tr 0 ⇒ r1 r2 c r1 r2 c r1

r2 c r1 � r2 C r2 � r2 C r1 r2

16.8 64 

C � Z2
12 4096 12 

16.8 6 64 384 C � Z2
12

12 4096 49,152 

16.8 16.9 

923

16.16



( )

r

1) H rtr

2) H rtr x

3) x r c ( r c

c x r c x r )

16.9 (3)(8) (6)(8) 72

18 H

90 (decoding by coset

leaders) 384 

r 110110

011 x 010000 c x r 010000

110110 100110 100

3

1 

1 2 

16.25 

C Z6
2

- H 

924

16.9 16.8



r � Zn
2 r

c* ( ) d(c*, r) ≤ d(c, r) c

x r r c* x r c* x

d(c*, r) wt(r c*) wt(x) c d(c, r) wt(c r)

c r c (c* x) (c c*) x C c c* � C

c r x C x C x 

wt(c r) ≥ wt(x) d(c*, r) wt(x) ≤ wt(c

r) d(c, r)

a g 

- H

(a) H 0 (b) H

H H (r 3) 

H

H G

(7, 4) E : Z4
2 Z7

2 4-

7- H -

( )

H 1 7 

r - -

H 2r 1 H

[B|Ir] B r (2r 1 r) G [Im|Btr] m 2r 1

r - H (2r 1, 2r 1 r) 

H Hamming (Hamming matrix)

925

16.17



Hamming (Hamming code)

r 4 2r 1 15 2r 1 r 11 r 4 (

) Hamming H

H 1 15 ( 24 1) 

H Hamming (15, 11) -

Hamming  (15, 11) 11/15

Hamming r ≥ 2 m/n

m/n (2r 1 r)/(2r 1) 1 [r/(2r 1)] r r/(2r 1) 0

1

16.7 

G ( H) (systematic form)

(equivalent codes) (

L. L. Dornhoff F. E. Hohn [4] ) 

r Hamming

1 2r 1 H

Hamming (7, 4) H ( ) 

- w

w1w2w3w4 E(w) c1c2w1c3w2w3w4

H1 (E(w))tr 0

w w1w2w3w4 1010 E

(w) c c1c2w1c3w2w3w4 c1c21c3010 c1 w1 w2 w4 1 0 0

1 c2 w1 w3 w4 1 1 0 0 c3 w2 w3 w4 0 1 0 1 c

926

16.27



1011010 H1 (E(w))tr H1 (E(1010))tr H1 (1011010)tr 0 (

) c 1011010 r 1001010 H1 rtr

H1 (1001010)tr (011)tr ( ) 011 3 

3 H1

H1 - c

c1c2w1c3w2w3w4 r c e e 1 e

1 i 1 ≤ i ≤ 7 H1 rtr i

H1 c c

w

927

1. E : Z8
2 Z2

12 C

E

2. a) 16.9 

000011 100011 111110 100001

001100 011110 001111 111100

b) (a)

3. a) ( ) 

b) (a) 

11110 11101 11011 10100

10011 10101 11111 01100

c)

4.

Hamming (7, 4) -

a) 

1000 1100 1011 1110 1001 1111.

b) 

1100001 1110111 0010001 0011100.

c) 

d) (c) (b) 

5. a) Hamming (63, 57) 

-

H 

b) 

6. Hamming (7, 4) (3, 1) 

7. a) p 0.01 

1011 

Hamming (7, 4) 

b) 20- 4

(a)



928

Polya 

16.4 

( 16.5) 

4 4 

24 16 16.5 

cl(1) cl (2)

cl  (6)

( ) 

16.5 

16.5 

16.28

16.5

16.4



16.6 G {π0, π1, π2, π3, r1, r2, r3, r4} (a) 

1 2 3 4 (b) (i) 

G {1, 2, 3, 4} 

(product of disjoint

cycles) (b) π1 (1234) (1234) (a)

π1 1 2 2

3 3 4 4 1 

xy x y

x y (x y) y x

(1234) (2341) (3412) (4123)

4 (f) r1

929

16.6

90° 180° 

270° 360°

2 4 1 3 



1 r1 1 4 (14 ) r1

(decomposition) r1 4 1

(14)

2 r1 2 3 3 2

(23) (14)(23) r1 (14) (23) 

(14)(23) (23)(14) (23)(41) (32)(41) r1

2

r3 (13)(2)(4) (2) 2 r3

r3 r3 (13)

{1, 2, 3, 4, 5, 6} S6 π

π1 (123)(4)(56) (56)(4)(123) (4)(231)(65) .

σ � S6 σ

S6

α (124)(3)(56)  β (13)(245)(6) S6

aβ (124)(3)(56)(13)(245)(6) (143)(256) ,

βα (13)(245)(6)(124)(3)(56) (132)(465) .

16.5 16 16.6 G 

π 16.6(a)

90° {1, 2, 3, 4} 16.6(b) 

S {C1, C2, , C16} π*1

{1, 2, 3, 4} 90° S {C1, C2,

930



, C16}

π*1

16.6(h) r3 S

r*3

G S (the group G acting on the set S) 

S � Ci Cj � S 1 ≤ i j ≤ 16

Ci � Cj σ � G ∋ σ* (Ci) Cj σ*

S 16 Ci Cj �

a) ( ) Ci � S 1 ≤ i ≤ 16 Ci � Ci G 

[π*0(Ci) Ci 1 ≤ i ≤ 16 ]

b) ( ) Ci � Cj Ci Cj � S σ*(Ci) Cj σ � G

G σ 1 � G (σ*) 1 (σ 1)* (

σ � G ) Ci (σ 1)* (Cj) Cj � Ci

c) ( ) Ci Cj Ck � S Ci � Cj Cj � Ck Cj σ* (Ci)

Ck τ*(Cj) σ τ � G G σ τ � G

(σ τ)* σ*τ* σ σ τ σ*

σ*τ* ( σ τ � G ) Ck (στ) *(Ci)

� [ Ck τ* (Cj) τ* (σ*(Ci)) 

(ατ)* τ*σ* 5 

σ*τ* (στ)* σ* ]

� S � S 16.5 

cl(1) cl(2) cl(6) 6 

931



16 6 

S G S 

( ) S � x � y π*(x) y π � G,

�

16.5 

S 

2- 2 

f (r, w) r4 r3w 2r2w2 rw3 w4 (

) S riw4 i 0 ≤ i ≤
4 i (4 i) 2- r2w2

2 cl(3) cl(4) f (1, 1) 6

f (r, w) (pattern inventory)

C. L. Liu [17] 136-137 

Burnside (Burnside Theorem) S G 

S S G 

�(π*) π* S

16.28 �(π*1) 2 π*1 C1 C16

r3 � G �(r*3) 8 C1 C2 C4 C10 C11

C13 C15 C16

|G| 8 Burnside 

(1/8)(16 2 4 2 4 4 8 8) (1/8)(48) 6,

932

16.18

16.29



6 

i 60° 0 ≤ i ≤ 5

6 6 16.7 

G i 60° πi 0 ≤ i ≤ 5

2- ( ) 

6! �(π*0) 6! �(π*i)

0 1 ≤ i ≤ 5 ( ) 

1 1.16 

3-

16.28 

16.6 

�(π*0) 34 S 81 

�(π*1) �(π*3) 3 π*1 π*3

�(π*2) 9 π*2 ( ) 

16.8 

1 3 2 

4 9 π*2

�(r*1) �(r*2) 9 r*1 16.8 

1 2 4 

1 3 2 

�(r*3) �(r*4) 27 r*3 2 4 

1 3

1 

Burnside 

933

16.30

16.31

16.7

16.8



934

1. 16.5 

a) π*2 π*3 r*2 r*4

b) (π1
1)* (π*1) 1 (r3

1)*

(r*3)
1

c) (π1r1)* π*1 r*1 (π3r4)*

π*3r*4

2. S7

3. a) 2 

b)

Sn

4. a) 

b) (a)

5. 4 

6. a) 

b) (a)

7.

4 (a) 

(b) 

(a)

8. (

) 

a)

b) 4 

(a)

c) n

(a)

d)

(a) (b)

9. 2- 16.9 

(a) 

(b) 

10.

( ) 

16.9



11. a) 

3 3 (

) 

b) ( )

1 1 

( 9 ) 

12. 11 4 4 [

(b) 9 16 ]

13.

7 (

) 

14. a) S G S

x � S {π �

G|π*(x) x} G ( x

(stabilizer) ) 

b) 16.5 C7 C15

(a) 

Burnside �(π*) π � G

G S 

S 2- 3-

4-

16.28 π � G 

16.10 

π0 G π0 (1)(2)(3)(4)

x4
1 x1 1 

x4
1 π0 (cycle structure representation)

π*0 (

π*0 2-

) 

24 (r w)4 r4 4r3w 6r2w2 4rw3 w4 16 

6r2w2

16.5 cl(3) cl (4) 

π1 π1 (1234) 4 
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x4 π1

π*1

C1 C16

r4 w4

r1 r1 (14)(23) 2 x2
2

r*1 2 3 

(23) 

(14) 22 C1(r4) C7

(r2w2) C9(r
2w2) C16 (w4) [ (r2 w2)2 r4 2r2w2 w4 ]

r3 (13)(2)(4) x2x2
1

2 1 1 3 

r*3

23 C1(r
4) C2(r

3w) C4(r
3w) C10(r

2w2) C11

(r2w2) C13(rw3) C15(rw3) C16(w
4) (r2 w2)(r w)2

(13) 

(r2) (w2) r2 w2 1 

r w (r w)2

936

16.10

ππ
(G )

ππ*
S

ππ  
ππ* 

S



(r2

w2)(r w)2 23 r*3

16.10 π2 π3 r2 r4

π* π � G π 

r1 2 22

32 m m2

(cycle index) PG ( ) G

(π ) 

x1 x2 x3 x4 2 2-

S G S [G Sn Sn 

{1, 2, 3, , n} G PG (x1, x2, , xn) 

(π ) ]

S m- PG (m, m, m, ,  m)

4-

12 (a) 0° 60° 120° 180°
240° 300° (b) 

(c) 

937

16.19

16.32



16.10 

4- ( x4 x5

PG ) 

938

16.10

1. 5-

(a) 

(b) 

2. 1

3. 16.11 

4- (a) 

(b) 

4. a) 3-

b) m �

Z+ (m6 2m 2m2 4m3 3m4) 

12 

5. a) 5-

b)

(a)

16.11



c) 5- (b) 

(a) 

6. 3-

16.11 

(a) (b) 

7. a) 3-

b) 3-

c) k

m n 3-

( ) ( )

n km ( ) 

939

a 

16.28 16.11 

π0 � G S π0 ( ) 

x4
1 1 

(r) (w) (exclusive or) r w

( 1 ) 4 (r w)4

16 

π1 (1234) x4 4 

π*1 4 4 

r4 w4

( ) 

r1 (14)(23) x2
2 (14)

1 4 r2 w2

2 (r2 w2)2 r*1 S

r3 (13)(2)(4) x2x
2
1 x2

1x2 (2) (4) 

r w (r w)2

(13) 1 3 r2 w2

(r w)2(r2 w2) S r*3



(r w)2(r2 w2)

1 ≤ i ≤ n

xi ri wi

π2 π3 r2 r4 PG(x1, x2, x3, x4) 

xi ri wi (pattern inventory) 1 ≤ i ≤ 4

( 16.10 (1/8) )

( ) xi ri wi bi

1 ≤ i ≤ 4

Polya (Polya’s Method of Enumeration) S 

G G Sn G 

PG (x1, x2, , xn) S m-

c1, c2, , cm m

16.20 

3 

( ) 

G G {(1)(2)(3) (123)

(132) } 1 2 3 PG(x1, x2, x3) (1/3) (x3
1

2x3) (1/3)[(r w b)3 2(r3 w3 b3)] (1/3)[3r3 3r2w

3r2b 3rw2 6rwb 3rb2 3w3 3w2b 3wb2 3b3] r3 r2w r2b rw2

2rwb rb2 w3 w2b wb2 b3

940

16.20

16.33



1) 2rwb 1 ( )

( r3) 

( r2w) 1 

2) 2rwb 2

16.12 

G {(1)(2)(3), (123), (132), (1)(23), (2)(13),

(3)(12)}

rwb 2rwb 16.12 ( ) 

16.28 3-

PG(x1, x2, x3, x4) (1/8)(x4
1 2x4 3x2

2 2x2x
2
1) r2w2 r2b2

r2wb (1/8)[(r w b)4 2(r4 w4 b4) 3(r2 w2 b2)2 2(r2 w2

b2)(r w b)2] 

(r w b)4 6r2w2 6r2b2 12r2wb 3(r2 w2

b2)2 6r2w2 6r2b2 4r2w2 4r2b2 4r2bw 2(r2

w2 b2)(r w b)2

(1/8)[6r2w2 6r2b2 12r2wb 6r2w2 6r2b2 4r2w2 4r2b2 4r2bw]

2r2w2 2r2b2 2r2bw

2- (

) 

16.13 

1) x8
1

2) 90° 180° 270° 
16.13(a) 

90° (1234)(5678) x2
4

180° (13)(24)(57)(68) x4
2

270° (1432)(5876) x2
4

3x4
2 6x2

4

941

16.12

16.34

16.35



3) 180° 16.13(b)

(17)(28)(34)(56) x4
2

6x4
2

4) 120° 240° (c) 

120° (168)(274)(3)(5) x2
1x

2
3

240° (186)(247)(3)(5) x2
1x

2
3

8x2
1x

2
3

PG(x1, x2, , x8) (1/24)(x8
1 9x4

2 6x2
4 8x2

1x
2
3)

r w 1 23 

Polya

C. L. Liu (

[17] 152-154 ) 

16.14 C X

Br ( ) H ( ) CH3 ( ) C2H5 ( )

X H CH4 ( ) 16.14 

942

16.13

16.36



X

1 2 3 4 16.15 

G 

1) x4
1 (1)(2)(3)(4)

2) 120° 240° 
16.15(a) 

120° (1)(243) x1x3

240° (1)(234) x1x3

PG(x1, x2, x3, x4) 8x1x3

3) 180° (b) 

(14)(23) x2
2 PG(x1, x2,

x3, x4) 3x2
2

PG(x1, x2, x3, x4) (1/12)[x4
1 8x1x3 3x2

2] PG(4, 4, 4, 4)

(1/12) [44 8(42) 3(42)] 36 36 

w x y z Br H CH3 C2H5 w2x2 w2y2

w2z2 w2xy w2xz, w2yz

943

16.14 16.15



(w x y z)4 6w2x2 6w2y2 6w2z2 12w2xy 12w2xz

12w2yz

3(w2 x2 y2 z2)2 6w2x2 6w2y2 6w2z2

6 

944

1. a) 

2- (i) 

(ii) (

) 

b) 3- (a)

2.

3. 16.35 2-

a) 2-

b)

c)

4. 16.36 

5. 16.11 

2-

( ) 

6. a) 

( ) 

b) 

c) n �

Z+ n7 6n 7 

7. a) 

2 4 (

) 

b) (a) 

c) (a) 

8. a) 

16.16 

2-

b) 

3-

(a)



c) (b) 9. m n � Z+ n ≥ 3

n m-

16 

Leonhard Euler (1707-1783) Joseph-Louis Lagrange (1736-1813) 

Lagrange n Sn

Niels Henrik Abel (1802-1829) 

≥ 5 

Evariste Galois (1811-1832) 

Galois 17 

J. Stillwell [28] 278-280 

Galois 1831 Mémoire sur les

conditions de résolubilité des équations par radicaux

Galois 

Arthur Cayley (1821-1895) ( 1854 On the Theory of

945

16.16



Groups, as Depending on the Symbolic Equation θn 1 )

1883 Walther Franz Anton von Dyck

(1856-1934) Gruppentheoretischen Studien II

16.3 Evariste Galois ( 1832

) George Abram Miller (1863-1951) ( 1910

) 

Galois 19 

Felix Klein (1849-1929) Erlanger Programm

Augustin-Louis Cauchy (1789-1857) Arthur

Cayley (1821-1895) Ludwig Sylow (1832-1918) Richard Dedekind (1831-

1916) Leopold Kronecker (1823-1891)

1900 

20 

Galois 

G (G ) 

H (normal) g � G h � H ghg 1

� H

G {e} G G 

(simple)
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Niels Henrik Abel (1802-1829)



Walter Feit John Thompson Dani Gorenstein Michael

Aschbacher Robert Griess, Jr 

J. A. Gallian [5] A. Gardin [7] M. Gardner

[9] R. Silvestri [27] D. Gorenstein [13] 

J. A.

Gallian [6] V. H. Larney [16] I.

N. Herstein [15] Galois 

16.4 RSA -

T. H. Barr [2] P. Garrett [10] W. Trappe L. C. Washington [31]

M. Gardner [8] 

n 64- 65- G. Taubes

[30] Arjen Lenstra Paul Leyland Michael Graff Derek

Atins 600 n

1941 Claude Elwood Shannon 

1948 [26]

Shannon M. J. E.

Golay [11] R. W. Hamming [14] 

F. J. MacWilliams N. J. A. Sloane [18] 

1478 1950 1975 

L. L. Dornhoff F. E. Hohn[4] 5 

E. F. Assmus, Jr. J. D. Key [1] S. W. Golomb R. A.

Scholtz R. E. Peile [12] V. Pless [20] S. Roman [24] 

F.

J. MacWilliams M. J. A. Sloane [18] S. Roman [25] A. P. Street 

W. D. Wallis [29] 

[29] 11 

10 11 12 

George Polya (1887-1985) [21] 

(

J. H. Redfield [23] ) 

Polya 

N. G. DeBruijn [3] 

R. C. Read [22] Polya 

947



( George Polya 

) 

A. Tucker [32] 

C. L. Liu [17] 5 

Burnside 

P. M. Neumann [19] Georg Frobenius

(1848-1917) 1887 Cauchy 1845 
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1. f : G H eH

H

a) K {x � G|f (x) eH} G 

(K ) 

b) g � G x � K gxg 1 � K

2. G H K G H K

G H K

3. G a2 e a �

G G 

4. G 

a � G a e a a 1

5. f : G H H G

H

6. a) (Z2 Z2, �) a b

c d � Z2 (a, b) � (c, d) (a c, b

d) a c b d 2 

(1, 0) � (0, 1) � (1, 1) 

b) (Z2 Z2 Z2, �) (a, b,

c) � (d, e, f) (a d, b e, c f) (

a d b e c f 2 

) (

) 

c) (a) (b) 

7. (G, ) 

a b c x y � G

(G, ) 

8. k n � Z+ n ≥ k ≥ 1 Q(n,

k) π � Sn π 

k

9. k n � Z+ n ≥ 2 1 ≤ k ≤
n P(n, k) k π �

Sn [ (1)(23) 



P(3, 2) (12)(34) P(4, 2)

(1)(23)(4) P(4, 3) ]

a) P(n 1, k) P(n, k 1) nP(n,

k)

b)

10. n ≥ 1 σ τ � Sn σ τ 
d(σ, τ) 

a) d

i) d(σ, τ) ≥ 0 σ τ � Sn

ii) d(σ, τ) 0 σ τ
iii) d(σ, τ) d(τ, σ) σ τ � Sn

iv) d(ρ, τ) ≤ d(ρ, σ) (σ, τ) ρ
σ τ � Sn

b) Sn ( (i)

i 1 ≤ i ≤ n) π � Sn d

(π, ) ≤ 1 π (n) 

c) n ≥ 1 an π Sn

d(π, ) ≤ 1

an

11. Wilson [16.1 19(d)] 

(p 1) ! 1 (mod p) p

a)

n � Z+ n ≥ 2 (n 1) !

1  (mod n) n 

b) p

2(p 3)! 1(mod p) .

12. Nicole 16.17 

a)

b) 
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