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) R (R, ) 

(R, ) 

a(b c) ab ac (b c)a ba ca a b c � R (

ab a b)

R x

R

(R, , )

ai � R 0 ≤ i ≤ n R

x (polynomial in the indeterminate x with coefficient from

R)

an R an f(x) (the leading
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coefficient) f(x) n

x a0x
0 f(x) (constant) 

(constant term)

g(x) bmxm bm 1x
m 1 b1x

1 b0x
0 R x

f(x) g(x) m n ai bi 0 ≤ i ≤ n

R[x] R x

a) R (Z6, , ) 5x2 3x1 2x0 2 

5 2x0 a [a]

Z6 5x2 3x1 4x0 [4] [ 2] Z6

b) z R zx0 z R[x] 

(no degree) 0 

R (constant polynomial)

Z7 5x0 0 5 

(R, , )

ai bj � R 0 ≤ i ≤ n 0 ≤ j ≤ m (

) 

n ≥ m

bi z i m

f(x) g(x) (ai bi) 0 ≤ i ≤ n R

f(x)g(x) xt

R 0 ≤ t ≤ n m

952

17.1



f(x) 4x3 2x2 3x1 1x0 g(x) 3x2 x1 2x0 Z5[x] 

a3 4, a2 2, a1 3, a0 1,

b2 3, b1 1, b0 2.

n ≥ 4 an 0 m ≥ 3 bm 0 (1)

(2) 5 

(1) (2) 

R (1) (2) 

(R[x], , ) R (polynomial ring or ring

of polynomial)

R[x] R 

f(x) g(x) (f(x)g(x))h(x) 

Axt 0 ≤ t ≤ (m n) p A (aibj)ck

0 ≤ i ≤ n 0 ≤ j ≤ m 0 ≤ k ≤ p i j k t

f(x)(g(x)h(x)) xt ai(bjck) 

0 ≤ i ≤ n 0 ≤ j ≤ m 0 ≤ k ≤ p i j k t R

(aibj)ck ai(bjck) (f(x)g(x))h(x) xt

953

17.1



f(x)(g(x)h(x)) xt (f(x)g(x))h(x) f(x)(g(x)h(x))

R[x] 

a) R R[x] 

b) R R[x] 

c) R[x] R

x x1 R u x0 u

r � R rx0 r

f (x) g(x) � Z8[x] f (x) 4x2 1 g(x) 2x 3 f (x) 

2 g(x) 1 f (x)g(x) 

3 f (x) g(x) f (x)g(x) (4x2 1)(2x 3)

8x3 12x2 2x 3 4x2 2x 3 [8] [0] Z8 degree

f (x)g(x) 2 3 degree f (x) degree g(x)

17.2 Z8

(R, , ) R

f (x) g(x) � R[x] f (x) g(x) 

degree f (x)g(x) degree f (x) degree g(x)

an z bm z R

anbm z degree f (x)g(x) n m degree f (x)

degree g(x) R a b � R a z b z

ab z f (x) ax u g(x) bx u 1 f (x)g(x)

(a b)x u degree f (x)g(x) ≤ 1 2 degree f (x) degree g(x)

14.2 

21 R u r � R r0 u r1

r rn 1 rnr n � Z+ [

m n � Z+ (rm)(rn) rm n (rm)n rmn ] 
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R u f (x) anxn a1x a0 �

R[x] r � R f (r) anr
n a1r a0 � R

f (r) z r

R u f (x) � R[x] degree f (x) ≥
1 r � R f (r) z r f (x) (root)

a) f (x) x2 2 � R[x] f (x) ( )2

2 0 ( )2 2 f(x) (x )(x ) x

x � R[x] f(x) Q[x] f(x)

b) f (x) x2 3x 2 � Z6[x]

f (0) (0)2 3(0) 2 2 f (3) (3)2 3(3) 2 20 2

f (1) (1)2 3(1) 2 6 0 f (4) (4)2 3(4) 2 30 0

f (2) (2)2 3(2) 2 12 0 f (5) (5)2 3(5) 2 42 0

f (x) 1 2 4 5

2 

F[x] F ( F[x] 

) degree f (x)g(x)

degree f (x) degree g(x)

0 1 

17.3(b) n

n

F f (x) g(x) � F[x] f(x) 

f(x) g(x) (divisor or factor) h(x) � F[x] 

f(x)h(x) g(x) f (x) (divides) g(x) g(x) f (x) 

(multiple)

(division algorithm)

f(x) g(x) degree f(x) ≤ degree g(x)
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r(x) 0 degree r(x) degree f(x).

g(x) q(x)f(x) r(x)

f(x) x 3 g(x) 7x3 2x2 5x 2 f(x) g(x) � Q (

R[x] C[x])

q(x)f(x) r(x) (7x2 19x 62)(x 3) 184 7x3 2x2 5x 2 g(x).

17.4 

(finite field) 

f (x) 3x2 4x 2 g(x) 6x4 4x3 5x2 3x 1 Z7[x] 
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Z7 ( 17.4 )

(Division Algorithm) f (x) g(x) � F[x] f(x) 

q(x) r(x) � F[x] g(x) q(x)f(x)

r(x) r(x) 0 degree r(x) dregree f(x)

S {g(x) t(x)f(x)|t(x) � F[x]}

0 � S 0 g(x) t(x)f(x) t(x) � F[x] q(x) t(x) 

r(x) 0 g(x) q(x)f(x) r(x)

0 � S S r(x) g(x) q(x)f(x) S

r(x) 0 degree r(x) degree f(x)

n ≥ m

h(x) n r(x) 

h(x) � S

r(x) degree r(x) degree f(x) 

g(x) q1(x)f(x) r1(x) q2(x)f(x) r2(x) r1(x) 0

degree r1(x) degree f(x) r2(x) 0 degree r2(x) degree f(x)

[q2(x) q1(x)]f (x) r1(x) r2(x) q2(x) q1(x) 0 degree ([q2(x)

q1(x)]f(x) ≥ degree f(x) r1(x) r2(x) 0 degree [r1(x) r2(x)] ≤
max {degree r1(x), degree r2(x)} degree f(x) q1(x) q2(x) r1(x)

r2(x)
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(The Remainder Theorem) f(x) � F[x] a � F f (x)

(x a) f (a)

f(x) q(x)(x a) r(x) r(x) 0 degree r(x)

degree (x a) 1 r(x) r F a x f(a)

q(a)(a a) r 0 r r

(The Factor Theorem) f(x) � F[x] a � F x a

f(x) a f(x) 

x a f(x) f(x) q(x)(x a) f(a) q(a)(a

a) 0 a f(x) a f(x) 

f(x) q(x)(x a) r r � F f(a) 0 r 0

f(x) q(x)(x a) x a f(x) 

a) f (x) x7 6x5 4x4 x2 3x 7 � Q[x] f (x) x

2 

f (2) 27 6(25) 4(24) 22 3(2) 7 5.

f (x) x 1 f( 1) 2

b) g(x) x5 3x4 x3 x2 2x 2 � Z5[x] x 1 g(1)

1 3 1 1 2 2 0 ( Z5) x 1 g(x)

g(x) q(x)(x 1) ( degree q(x) 4)

17.4 17.5 

f (x) � F[x] n ≥ 1 f (x) n F

f (x) f(x) 1 f(x) ax b

a b � F a 0 f( a 1b) 0 f (x) F

c1 c2 f (c1) ac1 b 0 ac2 b f (c2) ac1 b

ac2 b ⇒ ac1 ac2 F a 0 ac1 ac2 ⇒ c1

c2 f(x) F

F[x] k (≥ 1) 

k 1 f(x) f(x) F

r � F f(r) 0 f(x) (x r)g(x) g(x) 
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k g(x) k F f(x) k 1

F

a) f(x) x2 6x 9 � R[x] f(x) R 3

3 3 (multiplicity) 2 f(x)

(x 3)(x 3)

b) g(x) x2 4 � R[x] g(x) 17.6 ( )

C[x] g(x) 2i 2i g(x) (x 2i)(x

2i)

c) h(x) x2 2x 6 � Z7[x] h(2) 0 h(3) 0

h(x) (x 2)(x 3) x2 5x 6 x2 2x 6 [ 5]

[2] Z7

d) 17.3(b) x2 3x 2 

17.6 Z6 x2 3x 2 (x 1)(x 2)

(x 4)(x 5)

F[x] 

f (x) � F[x] n r1 r2 rn f (x) F (

ri rj 1 ≤ i j ≤ n) f (x) an(x r1)(x r2) (x

rn) an f (x) f (x) 

959

17.7

1. f (x) g(x) � Z7[x] f (x) 2x4

2x3 3x2 x 4 g(x) 3x3 5x2 6x

1 f (x) g(x) f (x) g(x) f (x)

g(x)

2. Z2[x] 2 

3. Z11[x] 2 

3 

4 n

n � N

4. a) Z12[x] f(x)

g(x) f(x)g(x) 0

b) Z12[x] h(x) k(x) 

degree h(x) 5 degree k(x) 2

degree h(x)k(x) 3

5. 17.1 17.1 

6. f (x) g(x) q(x) r(x) 

g(x) g(x)f(x) r(x) r(x) 0 

degree r(x) degree f (x)

a) 

b) 



960

c) 

7. a) f(x) x4 16 Q[x]

b) f(x) � R[x] (a)

c) f(x) � C[x] (a)

d) f(x) x4 25 (a) (b)

(c)

8. a) f(x) x2 4x f(x) �

Z12[x]

b) g(x) h

(x) s(x) t(x) � Z12[x] f(x) g(x)

h(x) s(x)t(x)

c) (b) 17.7 

9. f(x) g(x) 

a) 

b) 

c) 

10. f(x) � Z7[x]

Z7 f(x) 

a) 

b) 

11. Z5[x] Z7[x] 

p Zp[x] 

12. F f(x) � F[x] f(x)

anx
n an 1x

n 1 a2x
2 a1x a0

x 1 f(x) an

an 1 a2 a1 a0 0

13. R S g : R S

G : R[x] S[x] 

14. R f(x) R[x]

f(x) 

R

15. f(x) 2x 1 Z4[x] 

14 

16. n � Z+ n ≥ 2 f (x) � Zn[x]

a b � Z a b (mod n) f(a)

f(b) (mod n)

17. F S � F[x] f(x)

anx
n an 1x

n 1 a2x
2 a1x a0 �

S an an 1 a2 a1 a0

0 S F[x] 

18. (R, , • ) I R

I[x] I x

R[x] 

(Zp, , ) p



f(x) � F[x] F degree f(x) ≥ 2 f (x) 

(reducible)( F ) g(x) h(x) � F[x] f (x) g(x)h(x) 

g(x) h(x) ≥ 1 f (x) 

(irreducible) (prime)

17.7 

F[x] 

a) ≤ 1 

b) f(x) � F[x] degree f (x) 2 3 f(x) f(x)

F

a) x2 1 Q[x] R[x] C[x] 

x2 1 (x i)(x i)

b) f(x) x4 2x2 1 � R[x] f (x) 

(x2 1)2 x4 2x2 1 17.7(b) 3 

c) Z2[x] f(x) x3 x2 x 1 f (1) 0 g(x) x3

x 1 g(0) g(1) 1

d) h(x) x4 x3 x2 x 1 � Z2[x] h(x) Z2[x] h(0)

h(1) 1 h(x) a b c d � Z2

(x2 ax b)(x2 cx d) x4 x3 x2 x 1

(x2 ax b)(x2 cx d) x a

c 1 ac b d 1 ad bc 1 bd 1 bd 1 b 1 d

1 ac b d 1 ⇒ ac 1 ⇒ a c 1 ⇒ a c 0 a c 1 

h(x) Z2[x] 

17.8 

f (x) � F[x] (monic) 1 F
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( 17.11 ) 4 14 

f (x) g(x) � F[x] h(x) � F[x] f(x) g(x) 

(greatest common divisor)

a) h(x) f(x) g(x) 

b) k(x) � F[x] k(x) f(x) g(x) k(x) h(x)

gcd gcd

f (x) g(x) � F[x] f(x) g(x) 

f (x) g(x) s(x)f (x) t(x)g(x)

s(x) t(x) � F[x] f (x) g(x) 

gcd 

(Euclidean Algorithm for Polynomials)

f (x) g(x) � F[x] degree f (x) ≤ degree g(x) f(x) 0

rk(x) f (x) g(x) f (x)

g(x) [ rk(x) 

]

f(x) g(x) � F[x] gcd 1 f(x) g(x) 

(relatively prime)

14.3 
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s(x) � F[x] s(x) 0 F[x] � f(x) � g(x) f(x)

g(x) t(x)s(x) t(x) � F[x] s(x) f(x) g(x) �

F[x] 

� 

17.10 f (x) g(x) s(x) (f (x) is

congruent to g(x) modulo s(x)) f (x) g(x) (mod s(x)) � 

s(x) (congruence modulo s(x))

a)

b)

c)

d)

f (x) � Z2[x] f(x) q(x)s(x)

r(x) r(x) 0 degree r(x) degree s(x) f(x) r(x)

q(x)s(x) f(x) r(x) (mod s(x)) f(x) � [r(x)]

r(x) r(x) 0 degree r(x) 2

r(x) ax b a b � Z2 a b

r(x) 0 1 x x 1

17.9 14 

Zn [f(x)] [g(x)] [f(x) g(x)]

degree (f(x) g(x)) ≤ max{degree f(x), degree g(x)}

[f (x) g(x)] [x] [x 1] [x (x 1)] [2x

1] [1] 2 0 Z2

17.9

[x][x] [f(x)][g(x)] [f(x)g(x)]

degree f(x)g(x) ≥ degree s(x)

[f(x)g(x)] degree f(x)g(x) ≥ degree s(x)

963
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17.9



f(x)g(x) q(x)s(x) r(x) r(x) 0 degree r(x) degree s(x)

f(x)g(x) q(x)s(x) r(x) f (x)g(x) r(x)(mod s(x))

[f (x)g(x)] [r(x)] [r(x)] 

{[0], [1], [x], [x 1]} 

17.1 17.2 ( a [a] )

( 17.2)

[1] 1 [1] [x] 1 [x 1] [x 1] 1 [x] 4 

Z2[x]/(x2 x 1) (subfield) Z2 (

) [ (F, , ) (R, , ) (R,

, ) ] [x]1

[x] [x]2 [x 1] [x]3 [1] 3 

3 

( [10] 12 )

s(x) F[x] 

a) F[x] s(x) 

[f (x)] [g(x)] [f (x) g(x)], [f (x)][g(x)] [f(x)g(x)] [r(x)],

r(x) f(x)g(x) s(x) 

F[x]/(s(x))

b) s(x) F[x] F[x]/(s(x)) 

c) |F| q degree s(x) n F[x]/(s(x)) qn

F[x]/(s(x)) (x

) s(x) F[x] 

17.9 Z2[x]/(x2 x 1) [x] [x 1] x

964

17.1 17.2

17.11



F (R, , ) R[x] 

s(x) x2 1 17.11(b) R[x]/(s(x)) R[x]/(x2 1)

f(x) � R[x]

f(x) q(x)(x2 1) r(x), r(x) 0 0 ≤ deg r(x) ≤ 1.

R[x]/(x2 1) {[a bx]|a, b � R},

[a bx] [a] [bx] [a] [b][x]

R[x]/(x2 1) ( ) 

1) [1] {1 t(x)(x2 1)|t(x) � R[x]} x2 2 3x3 3x

1 ( R[x])

2) [r] {r t(x)(x2 1)|t(x) � R[x]} r ( ) 

3) [ 1] { 1 t(x)(x2 1)|t(x) � R[x]} 1

(1)(x2 1) x2 [x][x] [x2] [ 1]

4)

(C, , ) 

h : R[x]/(x2 1) C,

h([a bx]) a bi

[a bx] [c dx] � R[x]/(x2 1) [a bx] [c dx] ⇔
(a bx) (c dx) t(x)(x2 1) t(x) � R[x] ⇔ (a c) (b d)x

t(x)(x2 1) t(x) (a c) (b d)x

2 t(x)(x2 1) 2 t(x)

0 a bx c dx a c b d h

h ( 24) h

965
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R[x]/(x2 1) C h([x]) i [x] R[x]/(x2

1) (number) (R[x] ) x [x] R[x] 

[x] (C, , ) i

r h([r]) r {[r]|r � R} R[x]/(x2 1)  

C R

R[x]/(x2 1) (C, , ) 

R[x] s(x) x2 1 

(R, , ) (R, , ) (C,

, ) C i ( i) s(x)

(x i)(x i) C[x] 

17.11

Z3[x] s(x) x2 x 2 s(0) 2 s(1)

1 s(2) 2 Z3[x]/(s(x)) [ax b] 

a b � Z f(x) � Z3[x] s(x) 

[0] [1] [2] [x] [x 1] [x 2] [2x] [2x

1] [2x 2]

a) [2x][x] [2x2] [2x2 0] [2x2 (x2 x 2)] [3x2 x 2] [x 2]

3 0 Z3

b) [x 1][x 2] [x2 3x 2] [x2 2] [x2 2 2(x2 x 2)] [2x]

c) [2x 2]2 [4x2 8x 4] [x2 2x 1] [( x 2) (2x 1)] x2

( x 2)(mod s(x)) [2x 2]2 [x 1] [x 2]

d) x

11 [x 1] 21 [2x 1] (21) (12) [2x 1][x 2]

[2x2 5x 2] [2x2 2x 2] [2( x 2) 2x 2] [ 4 2] [ 2]

[1] (21) 1 (12)

e)

[x]1 [x] [x]3 [2x 2] [x]5 [2x] [x]7 [x 1]

[x]2 [2x 1] [x]4 [2] [x]6 [x 2] [x]8 [1]

966

17.11



Z3[x]/(s(x)) 

f) [0] [1] [2] 

Z3[x]/(s(x)) (Z3, , ) 

17.9 ( ) 17.11

4 ( 22) 9 ( 32) 

(R, , ) n nr z (R

) r � R R n (characteristic n) char(R)

n R 0

a) (Z3, , ) 3 (Z4, , ) 4 (Zn,

, ) n

b) (Z, , ) (Q, , ) 0

c) Z3[x] 

3

d) 17.9 2 17.11 3 (a)

17.9 17.11 

(F, , ) char(F) 0 char(F) 

F u 1

char(F) n 0 n n mk m k � Z+ 1

m n 1 k n nu z F (mk)u z

F (mu)(ku) z ⇒ (mu) z (ku) z ku

z r � F kr k(ur) (ku)r zr z n F

char(F) 

( 17.12 F )

kmmk
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F m |F| ma z a � F (F, )

m ( 16.3 8) F

17.12

F pt p t � Z+

F char(F) p u

z S0 {u, 2u, 3u, , pu z} F p 

mu nu 1 ≤ m n ≤ p (n m)u z 0 n m

p x � F (n m)x (n m)(ux) [(n m)u]x zx

z char(F) p F S0 |F| p1

a � F S0 S1 {ma nu|0 m, n ≤ p} F |S1| ≤ p2

|S1| p2 m1a n1u m2a n2u 0 m1 m2 n1 n2 ≤ p m1

m2 n2 n1 0 m1 m2 0 (m1 m2)a z (n2

n1)u 0 |n2 n1| p x � F |n2 n1|x |n2 n1|(ux)

(|n2 n1|u)x zx z 0 |n2 n1| p char(F)

n1 n2 0 (m1 m2)a z 0 |m1 m2| p F a

z a 1 � F |m1 m2|u |m1 m2|aa 1 za 1 z 0

|m1 m2| p m1 m2 n1 n2 0

(m1 m2)a (n2 n1)u z k � Z+ 0 k p k(m1 m2)

1(mod p) a k(m1 m2)a k(n2 n1)u a � S0

|S1| p2 F S1 b � F S1

S2 {l b ma nu|0 l , m, n ≤ p} p3 ( ) F

F St 1 t � Z+ |F| |St 1| pt

6 10 12 14 15

p t � Z+ pt

Evariste

Galois (1811-1832) ≥ 5 Q

pt GF(pt) GF

Galois (Galois field)

968

17.13

1.

a) x2 3x 1 Q R C



b) x4 2 Q R C

c) x2 x 1 Z3 Z5 Z7

d) x4 x3 1 Z2

e) x3 3x2 x 1 Z5

2. f(x) � R[x]

6

3. f(x) � Z2[x] 1 ≤
degree f(x) ≤ 3 f(x) ( Z2 ) 

4. f(x) (2x2 1)(5x3 5x 3)(4x 3) �

Z7[x] f(x) 

5. Z7[x] 5 

6. 17.7

7. 17.8 

a) S {s(x)f(x) t(x)g(x)|s(x), t(x) �

F[x]} S

m(x) (

) m(x) 

b) h(x) � F[x] h(x) 

f(x) g(x) h(x) m(x)

c) m(x) f(x)

f(x) g(x)m(x) r(x)

r(x) 0 degree r(x) degree m(x)

r(x) � S 

d) (c) m(x) g(x)

8. 17.9 17.10

9.

gcd F

gcd s(x)f(x) t(x)g(x)

s(x) t(x) � F[x]

a)

Q[x]

b)

Z2[x]

c)

Z3[x]

10. F f(x) g(x) � F[x]

f(x) g(x) a � F

f(a) 0 g(a) 0

11. f(x) g(x) � R[x] f(x) x3 2x2

ax b g(x) x3 x2 bx a

a b f(x) g(x) gcd 

2 

12. 17.9

a) x4 x3 x 1

b) x3 x2 1

c) x4 x3 x2 1

13. 17.11 

a) f(x) f1(x)(mod s(x)) g(x)

g1(x)(mod s(x)) f(x) g(x) f1(x)

g1(x)(mod s(x)) f(x)g(x) f1(x) g1(x)

(mod s(x)) 17.11(a) 

b) F[x]/(s(x)) 

c) f(x) � F[x] f(x) 0 degree

f(x) degree s(x) s(x) F[x] 

f(x) s(x) gcd 1

d) (c) s(x) F[x] 

F[x]/(s(x1)) 

e) |F| q degree s(x) n

F[x]/(s(x)) 

14. a) s(x) x2 1 Z2[x] 

b) Z2[x]/(s(x)) 

c) Z2[x]/(s(x)) 

15. 17.11 

969



a) [x 2][2x 2] [x 1]

b) [2x 1]2[x 2]

c) (22) 1 [2x 2] 1

16. s(x) x4 x3 1 � Z2[x]

a) s(x) 

b) Z2[x]/(s(x)) 

c) Z2[x]/(s(x)) [x2 x 1] 1 (

a b c d � Z2 [x2 x

1] [ax3 bx2 cx d [1] )

d) [x3 x 1][x2 1] Z2[x]/ (s(x))

17. p s(x) Zp[x] 

n 

a) Zp[x]/(s(x)) 

b) Zp[x]/(s(x)) 

18.

a) Z11 b) Z11[x] c) Q[x]

d) Z[ ] {a b |a, b � Z}

19.

14.2 18

a) Z2 Z3 b) Z3 Z4 c) Z4 Z6

d) Zm Zn m n � Z+ m n ≥ 2

e) Z3 Z

20. 17.13 |S2| p3

21. n GF(n) 100 ≤
n ≤ 150

22. 25 

23. 27 

24. a) 17.10 h

b) (F, , ) (K, � , �) 

g : F K a

F ( a F

) g(a 1) [g(a)] 1

( g

17.10 h

)

25. a) Q[ ] {a b |a, b � Q}

(Q[ ], , ) (R, , ) 

( R Q[ ] 

)

b) Q[ ] Q[x]/(x2 2)

Q[ ]

26. p (a) Zp[x] 

( 2) x2 bx

c Zp[x] 

( p 5 x2

2x 2 Z5[x] 

)

(b) Zp[x] ax2

bx c Zp[x] 

(c) Zp[x] 

ax2 bx c Zp

(d) Zp[x] 

Zp 

970



Latin 

A B

C D

17.3 1 2 3 4

17.4 1 2 3

4

16 

16 ( ) 

4 

{1, 2, 3, 4} {1, 2, 3, 4} 16 

17.3 17.4 17.5 

(4, 3) C 

971

17.13

17.3 17.4



n n Latin (Latin square) 

1 2 3 n

a) 17.3 17.4 4 4 Latin 

b) n ≥ 2 (Zn, ) n n Latin 

0 n

17.13 Latin S S S

{1, 2, 3, 4} n n Latin 

L1 (aij) L2 (bij) n n Latin 1 ≤ i j ≤ n

aij bij � {1, 2, 3, , n} n2 (aij, bij) 1 ≤ i j ≤ n

L1 L2 Latin (a pair of orthogonal Latin

squares)

a) 2 2 Latin 

b) 3 3 

c) 17.13 4 4 Latin 17.6 4

4 Latin 17.13 Latin 

972

17.5

17.9

17.10

17.14

17.15



Latin 

1) n 2 n n Latin n

2) n 1 n n Latin 

3) n n Latin n 2

L n n Latin L (standard form) 

1 2 3 n

17.15(a) Latin L2

Latin Latin 

(a) 5 5 Latin 4 1

5 4 1 5 (b) ( ) 5 5

Latin 

Latin 

973

17.6

17.11

17.16



L1 L2 n n Latin L1 L2

L*1 L*2, L*1 L*2

n � Z+ n 2 n n Latin n 1

L1 L2 Lk k n n Latin 

Lm i j 1 ≤ i j ≤
n 1 ≤ m ≤ k Latin 1

2 n 1 ≤ m ≤ k 1 ≤ m ≤ k

1 1

1 ≤ m ≤ k Latin 1 ≤ l m ≤ k

Ll Lm ( ) 

n 1 a21 n n Latin 

n n Latin 

n

Latin 

F {fi|1 ≤ i ≤ 5} Z5 f1 1 f2 2 f3 3 f4 4 f5 5

Z5

1 ≤ k ≤ 4 Lk 5 5 ( ) 1 ≤ i j ≤ 5 

k 1 L1 ( ) f1fi fj fi fj 1

≤ i j ≤ 5 i 1 L1

L1 i 2 

974

17.14

17.15

17.17



Latin L1

k 2 L2 f2fi fj 2fi fj L2

i 1 

i 2 L2

i 3 4 5 Latin L2

Latin L1 L2 ( ) 

5 L3 L4 4 L1 L2 L3

L4 Latin 

n � Z+ n 2 p n pt t � Z+ n 1

n n Latin 

F GF(pt) pt n Galois F {f1, f2, , fn}

f1 fn

n 1 Latin 

1 ≤ k ≤ n 1 Lk n n ( ) 1 ≤ i j ≤ n

fkfi fj

Lk Latin F

975

17.16



Lk

1 ≤ r s ≤ n fk fr fj fk fs fj fkfr

fkfs F k n fk fn F fk

fr fs r s Lk

n 1 Latin L1 L2 Ln 1

1 ≤ k m n 1 

( Lk Lm ) 

(fk fm)fi (fk fm)fr k m (fk fm) 

F fi fr

fj fs i r j s k m

Latin Lk Lm

n 6 6 6 Latin 

Leonhard Euler (1707-1783) 36 

6 6 

( 6 ) 

6 6 36 

(i , j) 1 ≤ i j ≤ 6 i j 1782 Euler

6 6 Latin 

n � Z+ n 2 (mod 4) n n Latin 

1900 G. Tarry 6 6 Latin 

Euler n 6 1960 R. C. Bose S. S.

Shrikhande E. T. Parker Euler 

n � Z+ n 2 (mod 4) n 6 n n

Latin 

Latin 

976



1. a) 4 4 Latin 

1 3 4 2

3 1 2 4

2 4 3 1

4 2 1 3

b) 4 4 Latin 

(a) 

c) (a) (b) 

4 4

Latin 

2. 17.14

3. 17.16 

4. 17.3 17.4 17.6 4 4 Latin

4 4 Latin Latin 

5. 17.17 5 5

Latin L3 L4 Latin 

Li 1 ≤ i ≤ 4

6. 7 7 Latin 

7. 17.13 

4 4 Latin 

8. Latin L - (self-

orthogonal) L Ltr

a) 3 3 - Latin 

b) - 4 4 Latin 

c) L (aij) n n -

Latin aii 1 ≤ i ≤
n

(a) 

(b) l P l

l ′ P l 18 19 

(b) 

19 Gino Fano (Giornale di

Matematiche, 1892) 

(c, d) P R R

977



(1) x a (2) y mx b m

a m b

a b c d m (c, d) x a y mx b

( ) 

� � �

� � ( ) (affine plane) 

A1) � ( ) �

A2) l � � P � � P �l l ′
� � P � l ′ l l ′ 

A3) 4 � 4 3 ( 4 3 

� l )

(A3) 17.1 

(A1) (A2) 

F GF(n) n pt p

t � Z+ AP(F) � {(c, d)|c, d �

F} n2

�

x a a

� F n y

mx b m b � F m b n n2

|�| n2 n

AP(F) � �

978

17.12

17.1



l � � l x a n y

l {(a, y)|y � F} l n l y mx b

m b � F x y l n

(c, d) � � x c

m y mx b d mc b n m

(c, d) n y mx (d mc) (c,

d) n 1 

AP(F) � �

(a) |�| n2 (b) |�| n2 n (c) l � � n (d) � 

n 1 AP(F) 

A1) (c, d) (e,  f) � �

(e c)(y d) (f d)(x c)

(c, d) (e, f) n 1 

(c, d) x c (e, f) 

e c f d e c (1) 0 (f

d)(x c) x c f d 0

c e (c, d) (e, f) y mx b

d mc b f me b (f d) m(e c)

e c m (f d)(e c) 1 b d mc d (f

d)(e c) 1 (c, d) (e, f) 

y (f d)(e c) 1 x [d (f d)(e c) 1c]

F (e c)(y d) (f d)(x c) 

(1) � (A1) 

A2) 17.2 P l 

n P1 P2 Pn l ( l

) P l  P

Pi l i 1 ≤ i ≤ n n

1 l ′ P l ′ l ′ l

A3) F |F| ≥ 2 F 1 0

(0, 0) (1, 0) (0, 1) (1, 1) l  

979



(c, c) (c, d) l 

x c (d, c) (d, d) 3 

F � �

AP(F)

Latin 

F (Z2, , ) n |F| 2 17.3 n2 4 

n2 n 6 l 4 {(1, 0), (1, 1)} l 4 

l 5 l 6

F GF(22) 17.9 17.11(d) F

{00, 01, 10, 11} 17.7 

n2 16 n2 n 20 20 

980

17.2

17.3

17.17

17.18

17.19



(parallel classes) 4 

1 4 

x 00 x 01 x 10 x 11

2 0 4 y 00 y

01 y 10 y 1

3 01 y 01x 00 y 01x 01 y 01x

10 y 01x 11

4 y 10x 00 y 10x 01 y 10x 10 y

10x 11 

5 4 y 11x 00 y 11x 01 y 11x 10

y 11x 11

AP(F) 4 4 

3 AP(F) 16 

981

17.7

17.4



m 01 4 (1) y 01x 00; (2) y 01x 01;

(3) y 01x 10; (4) y 01x 11 AP(F) 

( 17.4) Latin 

4 3 2 1

3 4 1 2

2 1 4 3

1 2 3 4

4 5 17.5 17.6 

17.4 

Latin 

3 4 4 Latin 

F GF(n) n ≥ 3 n pt p t � Z+ n

1 0 AP(F) Latin 

982

17.5 17.6

17.18



983

2. 1 

3. AP(Z3)

Latin 

4. Z5 Z3 3

5.

a) AP(Z7) y 4x 2 

(3, 6)

b) AP(Z11) 2x 3y 4 0

(10, 7)

c) AP(F) F GF(22)

10y 11x 01 (11, 01)(

17.7)

6.

AP(Z6) 

a) (A1) (A2) (A3) 

b)

P 

l

7. 17.18 

a) y mx b 

m � F m 0

AP(F) 

AP(F) 

17.4 17.5 17.6 Latin 

b) Latin 

0 

(i, j) 

1.



Dick (d) Mary (m) Richard (r)

Peter (p) Christopher (c) Brain (b) Julie (j)

3 

1) b, c, d 2) b, j, r 3) b, m, p 4) c, j, m

5) c, p, r 6) d, j, p 7) d, m, r

4 

V v V {B1,

B2, , Bb} (balanced incomplete block

design) (v, b, r, k, λ)- 

a) 1 ≤ i ≤ b Bi k k

k v

b) x � V Bi 1 ≤ i ≤ b r ( ≤ b) 

c) V x y Bi 1 ≤ i ≤ b λ ( ≤ b)

V (varieties)

V b B1 B2 Bb

984

17.20

17.13



(blocks) k r (replication

number) λ (covalency)

λxy x y � V

λxy V λ 
(balanced)

a) 17.20 (7, 7, 3, 3, 1) -

b) V {1, 2, 3, 4, 5, 6}

1 2 4 1 3 4 1 5 6 2 3 6 3 4 6

1 2 6 1 3 5 2 3 5 2 4 5 4 5 6

(6, 10, 5, 3, 2)

c) F |F| n AP(F) (n2, n2

n, n 1, n, 1)- AP(F) n2 n2 n

(v, b, r, k, λ)- (1) vr bk (2) λ(v 1) r(k 1)

1) b k

bk V

r vr vr bk

2) (pairwise incidence matrix) A

|V| v t V t b 

A (aij) aij 1 V i j

aij 0

985

17.21

17.19



A 1 

a) xi xj 1 ≤ i j ≤ v λ 
λ 1 t 1 λt λv(v

1)/2

b) k k(k 1)/2

A 1 b 1 

bk(k 1)/2

λv(v 1)/2 bk(k 1)/2 vr(k 1)/2 λ(v 1) r(k 1)

n

AP(F) (n2, n2 n, n 1, n, 1) F GF(n)

AP(F) 

(n2 n 1, n2 n 1,

n 1, n 1, 1)- 

�′ �′ �′ 
�′ �′ �′ ( ) 

(projective plane) 

P1) �′ 
P2) �′ 
P3) �′ 4 3 

� � �′
�′

AP(F) F GF(n) (x, y) � �

(x, y, 1) (x, y, z) z

1 AP(F) x c y mx b x cz y

mx bz z 1 AP(F)

{(1, 0, 0)} � {(x, 1, 0)|x � F} � �′ |�′|
n2 n 1 l ∞ �′

z 0 x y z 0 (0, 0, 0) �

�′

986

17.14

17.22



AP(Z2) � {(0, 0), (1, 0),

(0, 1), (1, 1)}

�′ {(0, 0, 1), (1, 0, 1), (0, 1, 1), (1, 1, 1)} � {(1, 0, 0), (0, 1, 0), (1, 1, 0)}.

� 6 

x 0: {(0, 0), (0, 1)} y 0: {(0, 0), (1, 0)} y x: {(0, 0), (1, 1)}

x 1: {(1, 0), (1, 1)} y 1: {(0, 1), (1, 1)} y x 1: {(0, 1), (1, 0)}

x 0 y 0 y x x z y z y x z

z 0 l ∞ �

z (variable) x z (0, 1, 0)

(1, 0, 1) (1, 1, 1) � 

3 �′ �′ 7 

x 0: {(0, 0, 1), (0, 1, 0), (0, 1, 1)} y z: {(1, 0, 0), (0, 1, 1), (1, 1, 1)}

y 0: {(0, 0, 1), (1, 0, 0), (1, 0, 1)} y x: {(0, 0, 1), (1, 1, 0), (1, 1, 1)}

x z: {(0, 1, 0), (1, 0, 1), (1, 1, 1)} y x z : {(0, 1, 1), (1, 1, 0), (1, 0, 1)}

z 0 (l ∞ ): {(1, 0, 0), (0, 1, 0), (1, 1, 0)}

x 0 x 1 

x 0 x z

(0, 1, 0) AP(Z2) y x y x 1 

AP(Z2) y x y x z (1, 1, 0)

�′ �′ 17.7 (1, 0, 1) (1, 1, 0) 

987

17.7



(0, 1, 1) y x z l ∞ l ∞

(line at infinity) 3 (points at

infinity) 

( l ∞ )

(7, 7, 3, 3, 1) - 17.20

17.22 n

AP(F) F GF(n) (n2, n2 n, n 1, n, 1) -

AP(F) n2 n n 1 

AP(F) (0, 1, 0) x cz c � F

(1, 0, 0) y bz b � F m � F m 0

(m 1, 1, 0) y mx bz b � F l ∞

n 1 GF(n) 

n2 n 1 n2 n 1 n 1 

n 1 

(n2 n 1, n 1, n2 n 1, n 1, 1) 

988

1. V {1, 2, , 9} v b r k

λ 

1 2 6 1 4 7 2 3 4 2 7 9 3 7 8 4 6 8

1 3 5 1 8 9 2 5 8 3 6 9 4 5 9 5 6 7

2. (4, 4, 3, 3, λ) -

3. (7, 7, 4, 4, λ) -

4. v

b r k λ 

5. (v, b, r, k, λ) -

(a) b 28 r 4 k 3; (b) v 17 r

8 k 5

6. b v (v, b, r, k, λ) -

v λ 
7. (v, b, r, k, λ) -

(triple system) k 3 k 3 λ
1 Steiner



(Steiner triple system)

a) λ(v 1) 

λv(v 1) 6 

b) v 1 

3 6

8. 9 

Steiner 

1 2 8 1 4 7 2 3 4 2 7 9 3 8 9 4 6 8

1 3 5 1 6 9 2 5 6 3 6 7 4 5 9 5 7 8

9. b 12 Steiner 

v r

10. �′ �′
�′ 

17.14 (P1) (P2)

(P3) �′ �′

a) �′ {a, b, c}

�′ {{a, b}, {a, c}, {b, c}}

b) �′ {(x, y, z)|x, y, z � R} R3

�′ R3

c) �′ R3 (0, 0, 0) 

�′ R3 (0, 0, 0) 

11. 15

(a) (b) 

12. Mackey 28 

7 

Mackey 

13. V (v, b, r, k, λ) -

|V| n ≥ 2 x y � V

x

y

14. Madge n 

m 

p 

(a) 

(b) 

15. a) 6 

b) 57 

16. 17.22 AP(Z2) 

(0, 0, 0)

�′ 
17. AP(F) 

v b r k

λ F (a)

Z5 (b) Z7 (c) GF(8)

18. a) AP(Z3) 

b) AP(Z3) 

l ∞

989



14 

15 2 

p n � Z+ pn

GF(pn) Evariste Galois (1811-1832)

(Zp, , ) p 14 Z

p Zp

[x] Zp[x] n s(x)

s(x) pn Zp[x]/

(s(x)) pn GF(pn) (

Zp n

n � Z+ )

Galois 

16 16 

19 19 Niels Henrik Abel (1802-1829) 

Galois F

n G Sn Sn {1, 2, 3, ,

n} Galois (

990

Evariste Galois (1811-1832)



) (solvable)

G G

K1� K2� K3� � Kt {e} 2 ≤ i ≤ t Ki Ki 1 

( xyx 1 � Ki y � Ki x � Ki 1) Ki 1 /Ki

Si 1 ≤ i ≤ 4 n ≥ 5

Sn

Galois 

Galois V. H. Larney [8] 6 N.

H. McCoy T. R. Berger [10] 12 I. N. Herstein

[6] 5 S. Roman [11] O.

Zariski P. Samuel [17] V. H. Larney [8] E 

Galois L. Infeld

[7] T. Rothman [12] 

Galois J. Stillwell [14] p.p.287-291 

Latin 

Leonhard Euler (1707-1783) 

36 Latin 1900 

1960 R. C. Bose S. S. Shrikhandle E. T. Parker 

H. J. Ryser [13] 7 C. L. Liu [9]

Latin 

Gino Fano 1892 

15 35 15 

1906 O. Veblen W. Bussey 

A. A. Albert R.

Sandler [1] H. L. Dorwart [4] P. Dombowski [3] 

R. A. Fisher 

(v, b, r, k, λ) -

M. Hall, Jr.

[5] A. P. Street W. D. Wallis [15] 

[15] 13 

W. D. Wallis [16] J. H. Dinitz D. R.

991



1. GF(n) 6561 

5 n

2. a) f(x) anx
n a1x a0 � Z[x]

r/s � Q gcd(r, s) 1 f(r/s)

0 s|an r|a0

b) Q

f(x) Q[x]

i) f(x) 2x3 3x2 2x 3

ii) f(x) x4 x3 x2 2x 2

c) f(x) x100 x50 x20 x3

1 

3. a) n 1 ≤ n ≤
1000 f (x) x2 x n

Z[x] 

b) (a) f (x) x2 2x n

c) (a) f (x) x2 5x n

d) g(x) x2 kx n � Z[x] 1 ≤
n ≤ 1000 k g(x)

Z[x] 

1 ≤ n ≤ 1000

4. f (x) x4 x3 x 1 

F ( )

Stinson [2] 

992



5. p Zp[x] 

6. F f(x) xn an 1x
n 1

a1x a0 � F[x] r1 r2 rn

f(x) ri � F 1 ≤ i ≤
n

a) an 1 r1 r2 rn.

b) ( 1)na0 r1r2 rn.

7. (7, 7, 3, 3, 1) -

{1, 3, 7} {1, 5, 6} {2, 6, 7} 

{3, 4, 6}

8. b r Steiner 

v 63

9. a) 73 

b) 10

10. F

91 |F| 
char(F) 

11. V {x1, x2, , xn} {B1,

B2, , Bb} (v, b, r, k, ) 

( inc i -

dence matrix) A

1 xi � Bj
A (aij)v b aij

0

a) A 1

b) Jm n m n

1 Jn n

A A . Jb r . Jv b Jv
. A k . Jv b

c)

Iv v v ( ) 

d)

det(A .Atr) (r λ)v 1[r (v 1)λ]

(r λ)v 1 rk.

12. V n (v, b, r, k,

λ) - Bi 1 ≤ i ≤ b

Bi V Bi

{B1, B2, , Bb} (v, b, r′,
k′, λ′ ) V

a) (v, b, r′, k′, λ′ ) -
17.5 1 

b) r′, k′, λ′
v b r k λ 

�
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