
11

5.2 15

(d) f :R R f(x) ex x � R

5.61 f : R R+ f(x)

ex ln x x � R+

5.7.3 log2 n n � Z+ 

37 7 

3 

3 37 (base) 7 (expon-

ent) (power) b

( 0)

b n � Z+ b n 1/bn

A1.1

a) 3 7 1/37 1/2187 b) (1/2) 6 1/(1/2)6 1/(1/64) 64

c) ( 3/5) 5 1/( 3/5)5 1/( 243/3125) 3125/243

995

A1.1

A1.1



0 b0 1 b

(nonzero) †

( 4 2 )

b � R

a)

b)

c)

q � Z+ q 1 b b1/q b

q b1/q a aq b

321/5 2 25 32 (1/8)1/3 1/2 (1/2)3 1/8.

22 4 ( 2)2 4 41/2

41/2 41/2

2 2 2 91/2 3 161/2 4 r � R (r2)1/2

|r | r r 24 ( 2)4 (2i)4 ( 2i)4

16 161/4 16 4 2

b q b1/q

( 8)1/3 2 ( 2)3 8 

8 q 2 ( 4)1/2

q � Z+

r � R

q

( ) 1/q q

1 

b � R p q � Z+

996

† 00

A1.2



1) 

2) 

3) q

4) q

(a) 

A1.2 

2 A1.1 A1.2

a)
b)
c)
d)

997

A1.2

A1.3



3.3219971 21

21.7 21.73 21.732 21.7320 21.73205 (

)

br b � R+ r � R

(The Properties of Exponents) a b � R+

x y � R

A1.1 

b f : R R+ f (x) bx f

b (exponential function for base b) [

expb(x) bx]

a) A1.1

1)
2)
3)
4)

1)
2)
3)
4)

998

A1.1

A1.4

A1.5

A1.3



f1 f3

f2 f4 x2( f1) 2x ( f2) 

x3 ( f3) 3x ( f4) f2 f4

1) x � R f2(x) 0 f4(x) 0 x 0 f2(x)

1 f4(x) 0 x 0 0 f2(x) 1 0 f4(x) 1

2) x y � R x y ⇒ f2(x) f2(y) [ f4(x) f4(y)] ( b

1 b 1 x y

bx by )

3) v w � R f2(v) f2(w) v w [

f (x) bx b 1 v w � R b

1 bv bw ⇒ v w ]

b) f5 : R R+ f5(x) (1/2)x 2 x

A1.2 f : R R+ f(x) bx 0

b 1

999

A1.1 A1.2



1) x � R f5(x) 0 x 0 f5(x) 1 x

0 f5(x) 1

2) x y � R x y f5(x) f5(y)

3) x y � R f5(x) f5(y) x y

c) f :R R+ f(x) ex e�2.71828 

A1.3 f6

e2
�7.38906 e3

�20.08554 f7 ( A1.3 ) 

f7(x) e x

A1.5 (a) (b) (3) b � R+

x y � R b 1 bx by x y

n (1/2) 6n2
(1/8) (10n 4)/3

26n2
8(10n 4)/3

1000

A1.3

A1.6



b 1 x � R+ logb x

b x y by x

logb x b x

y logb x x by

a) 23 8 log2 8 3

b) 3 4 1/(34) 1/81 log3(1/81) 4

c) b � R+ b 1

i) logb b 1 b1 b,

ii) logb b2 2 b2 b2, 

iii) logb (1/b) 1 b 1 1/b,

d)

b x � R+ b 1 logb x 6

logb2 x 

logb x 6 ⇔ b6 x x (b2)3 x (b2)3 ⇔ logb2 x

3 ( logb3 x 2 logb6 x 1)

A1.1 (1) (2) (3)

b r s � R+ b 1 

(1) (2) 

(3) s

1)
2)
3)

1001

A1.4

A1.7

A1.8

A1.2



x logb r y logb s x logb r ⇔ bx r y logb s

⇔ by s A1.1 (1) rs (bx)(by) bx y rs

bx y ⇔ logb (rs) x y

logb (rs) x y logb r logb s

A1.2 

10 

[ John Napier (1550-

1617) 17 

]

log10 10 1 log10 100 2 1 log10

31 2 log10 31 1.4914 2 log10 137

2.1367 3 A1.2

e�2.71828 

ln x x � R+ 2 

e 10 

(The Base-Changing Formula) a b � R+ a

b 1 x � R+

1)
2)
3)

1002

A1.9

A1.3



loge 2 ln 2 0.6931 loge 10 ln 10

2.3026 A1.3 log2 10 ln 10/ln 2 2.3026/0.6931�

3.3222

A1.3 x b

b 1 g : R+ R g(x) logb x

g b (logarithmic function to the base b)

a)

A1.4

1) x ≥ 1 g1(x) ≥ 0 g2(x) ≥ 0 x 1 g1(x) 0 

g2(x) 0 ( logb x b 1 )

2) x y � R+ x y ⇔ g1(x) g1(y) [ g2(x) g2(y)]

logb x b 1 )

3) u v � R+ g1(u) g1(v) u v ( b 1

1003

A1.10

A1.11

A1.5

A1.12

A1.4



logb u logb v ⇒ u v w logb u ⇔ u bw w logb v ⇔ v
bw )

b) A1.5 g3 : R+ R g3(x) log(1/2) x

logb x 0 b 1

1) x ≤ 1 g3(x) ≥ 0 x 1 g3(x) 0

2) x y � R+ x y g3(x) g3(y)

3) u v � R+ g3(u) g3(v) u v [ (a) (3) 

]

c) A1.6 (a) f :R R+ f (x) 2x

g : R+ R g(x) log2 x y x 

y x f g

f g

1004

A1.5

A1.6



f (2, 4) g (4, 2)

f (x, 2x) g (2x, x ( log2 2x))

g (x, log2 x) f

(log2 x, x ( 2log2 x))

d) h : R R+ h(x) (1/2)x k:R R+ k(x) log(1/2) x

A1.6 (b) (c) 

y x h (x, (1/2)x) k

((1/2)x, x ( log(1/2)(1/2)x) k (x, log(1/2) x) 

h (log(1/2) x, x ( (1/2)log(1/2)x
) ( x �

0.6412 y x )

e) 5.6 5.10 y ex y ln x

y x

1005

1. x y � R+

a) b) c) 

2.

a) 125 4/3 b) 0.0272/3 c) (4/3)(1/8) 2/3

3.

a) (53/4)(513/4) b) c)(51/2)(201/2)

4.

x

a) 53x2
55x 2 b) 4x 1 (1/2)4x 1

c) (1/25)1 x (1/125)x

5.

a) 27 128 b) 1251/3 5

c)10 4 1/10,000 d) 2a b

6.

a) log10 100 b) log10(1/1000)

c) log2 2048 d) log2(1/64)

e) log4 8 f) log8 2

g) log16 1 h) log27 9

7.

a) logx 243 5 b) log3 x 3

c) log10 1000 x d) logx 32 5/2

8. A1.2 (2)

9. b r � R+ b 1 

a) n � Z+ logb rn n logb

r

b) n � Z+ logb r n ( n)

logb r

10. log2 5 2.3219 log2 7 2.8074

a) log2 10 b) log2 100

c) log2 (7/5) d) log2 175

11. ( ) ln 2 0.6932 ln 3

1.0986 ln 5 1.6094



a) log2 3 b) log5 2 c) log3 5

12. x

a) log10 2 log10 5 log10 x

b) log4 3 log4 x log4 7 log4 5

13. x 

a) log10 x log10 6 1

b) ln x ln (x 1) ln 3

c) log3 (x
2 4x 4) log3(2x 5) 2

14. log2 x (1/3)[log2 3 log2 5] (2/3)

log2 6 log2 17 x 

15. b a

c � R+ alogb c clogb a

1006



22

7 

19 Arthur Cayley (1821-1895) 

James Joseph Sylvester (1814-1897) 

1858 Cayley 

(

)

m n � Z+ m n mn

m n m ( ) n ( ) 

m n A A (aij)m n 1 ≤ i ≤ m 1 ≤ j ≤ n

aij (i, j)- ( A i j )

m 1 (column matrix) ( (column

vector)) 1 n (row matrix) ( (row

vector) m n (square)

1007

1007

A2.1



A 3 2 a11 1 a12 2 a21 0 a22

3 a31 5 a32 4 B 2 4 

b13 0 b24 7 2 2 C

(

)

A (aij)m n B (bij)m n m n aij bij 1 ≤
i ≤ m 1 ≤ j ≤ n A B A B

A2.2 

w 7 x 4 y 2 z 3

A (aij)m n B (bij)m n m n A

B m n C (cij)m n cij aij bij 1 ≤ i ≤ m 1 ≤ j

≤ n

A2.3 ( ) 

1008

A2.1

A2.2

A2.2

A2.3



m n E F E F F E

( ) 

A B 3 C 2 

A C B C

A2.3 C

2 C C

A (aij)m n r � R (scalar product) rA m

n 1 ≤ i ≤ m 1 ≤ j ≤ n (i, j)- raij

b) 

a) 

1009

A2.3

A2.4

A2.4



c) (b) m n

E F r � R r(E F) rE rF

(Distributive Law of Scalar Multiplication

over Matrix Addition)

a) A (aij)3 2 3 2 

Z 3 2 (additive identity) (

(zero element))

b)

B ( 1)A A (additive

inverse) B A

a (ai)1≤ i≤m 1 n b (bi)1≤ i≤n n 1

ab a b

1010

A2.5



(scalar product)

A (aij)m n B (bjk)n p (product) AB

C (cik)m p

m p C i k cik A i

B j

A2.5 

a)

1011

A2.5

A2.6



b) (a) A B

BA 

A

BA

AB BA

BA A 

B B 3 B

A 2 A

C m n D p q CD n p

C ( ) D

( ) n p

CD m q 

a) 

1012

A2.7



AB BA AB

BA

b)

AB BA AB BA

c)

(AB)C A(BC)

( )

A2.7 (a) (b) 

1)

2) C (cij)m n ( 1 ≤ i ≤ m 1 ≤ j ≤
n cij 0) D (djk)n p ( 1 ≤ j ≤ n 1 ≤ k ≤ p djk

0) CD Z (0)m p

1013



a) 2 2 

2 2 

(multiplicative identity) n 1

n n (multiplicative identity)

b) x � R x 0 y � R

xy yx 1 y x (multiplicative

inverse) x 1

2 2

a b c d

AB BA I2 ( w x y z

a b c d w x y z )

AB

AB I2

1014

A2.8



(1) d (2) b

(2)′ (1)′ adw bcw (ad bc)w d

ad bc 0 w d/(ad bc) ad bc

0 x b/(ad bc) y c/(ad bc) z a/(ad bc)

[ (1) ad bc A (2) 

AB I2 w x y z

BA I2 ]

c) (b) 

ad bc 1 1 2 0 1 ( 0) w 1/1 1 x 2/1

2 y 0/1 0 z 1/1 1

d) A1 3 2 1 1 5 ( 0)

e) (b) (c) (d) 

det (A) A ad bc

f) A2 det(A) 1 6 2 3

0 A2
1

2x 3

1015



1/2 (2 1) (2)

x (3) (4) (5)

a b a 0

ax b x a 1b

[ (*) 

AX B ax b x

a 1b X A 1B

det(A) 3 2 1 1 5 0 A2.8 (e) 

1016



A2.2 x 1/5 y

18/5

a11 a12 a21

a22 b1 b2 � R det(A) a11a22 a12a21 0

n � Z+ n

≥ 2

A (aij)n n ( ) B (bi)1 ≤ i ≤ n X

(xi)1 ≤ i ≤ n n 1 ( n 2 )

AX B

X A 1B.

2 2 

det(A) ad bc

det(A) 

A (aij)n n n ≥ 3 1 ≤ i ≤ n 1 ≤ j ≤ n aij 

1017

A2.6



A i j (n 1) (n 1) 

a)

1) 0 A

2) a23 6

b) 4 4 

3 3 3 

B (

)

A (aij)3 3 1 ≤ i ≤ 3 1 ≤ j ≤ 3 Mij aij

(expansion by minors) det(A)

2 2 

1018

A2.9



a)

[ a1j 1 ≤
j ≤ 3

1) ( 1)1 j 1 j a1j

2) M1j ]

b)

(a) 

c) (a) (b) 3 3 

A A ( ) ( ) 

n � Z+ n

≥ 4 n n

n (n 1) (n 1)

[ ( ) i ]

[ ( ) j ]

d) (c) A (aij)n n n ≥ 3

A 0 A A 0 

1019

A2.10



( ) 

1020

1.

a) A B b) (A B) C

c) B C d) A (B C)

e) 2A f) 2A 3B

g) 2C 3C h) 5C ( (2 3)C)

i) 2B 4C ( 2B ( 4)C)

j) A 2B 3C

k) 2(3B) l) (2.3)B

2. a b c d

3.

a)

b)

c) 

d)

e)

f)

4.

(a) AB

AC A(B C) (b) BA CA (B C)

A

[ A m n 

B C n p AB AC

A(B C) n p B C p

q A BA CA (B

C)A



]

5.

a) b)

c) d)

6. 2 2 A

a)

b)

7.

a) b) c) 

d) e) 

8. 2 2 

a) b)

c) d)

9.

a) 3x 2y 5 b) 5x 3y 35

4x 3y 6 3x 2y 2

10. a b c d � R

a) b)

c) d)

11. A 2 2 det(A) 31

det(2A) det(5A) 

12.

a)

b)

13.

a) b) 

c) 

14. a) 3 3 

i) ii) 

iii) iv) 

b) (a) 

15. a) 3 3 

) ) 

) 

b) a b c d e f g h i �

R

1021



i) ii) 

iii) 

16. A (aij)m n B (bij)m n

AB A2.5 

( ) 

( ) 

1022



33

3.1 3.2 

|A| ( A ) A

5.6 

A B f f : A

B (one-to-one correspondence)

A Z+ B 2Z+ {2k|k � Z+} {2, 4, 6, } f : A B

f(x) 2x

1) a1 a2 � A f(a1) f(a2) ⇒ 2a1 2a2 ⇒ a1 a2

f

2) b � B b 2a ( ) a � A f(a) 2a b

f

A3.1 

A B A B

(size) (cardinality) A B f : A B

A3.1 Z+ 2Z+

1023

A3.1

A3.2

A3.1

1023



2Z+ Z+ 2Z+ � Z+

g : B A ( B 2Z+ A Z+) g(2k) k

1) g(2k1) g(2k2) ⇒ k1 k2 ⇒ 2k1 2k g

2) k � A 2k � B g(2k) k g

g B A

A Z+ B 2Z+ A B B A

( B � A) g A3.1 f

f 1 5.8 

A B A B 5.8 B

A A B |A| |B|
( A B ) 

B 2Z+ {2k|k � Z+} C 3Z+ {2k|k � Z+} h : B C

h(2k) 3k h B C

B C ( C B |B| |C|) A3.1

f : A B A Z+ 5.5 h f : A

C A C ( C A) |A| |C|)

A B C

a) A A

b) A B B A

c) A B B C A C

a) A 1A : A A 

A A

b) A B f : A B f 1 : B A 

B A

c) A B B C f : A B g : B C

g f : A C A C

1024

A3.2

A3.1



A A A {1, 2, 3, , n} n �

Z+ A A A

|A| 0 A n |A| n A

(in finite) 

A

g : {1, 2, 3, , n} A n � Z+ g 

A g(1) g(2) g(n) 

2 n

A n n � Z+

f : A {1, 2, 3, , n} A 

B |A| |B| 
A B

(1) A (2) A Z+ A (count-

able) ( (denumberable))

Z+ Z+ 2Z+ Z+ 3Z+ Z+

Z+ 2Z+ 3Z+ k � Z k 0 f : Z+

kZ+ f(x) k(x) kZ+ (

|kZ+| |Z+|) ( 1)Z+

A A Z+ Z+ A

f : Z+ A A f(1)

f(2) f(3) A 

( )

A Z+ Z+ A

f : A Z+ g : Z+ A

A ( )

Z+ ( 1)Z+ {0} Z Z+�( 1)Z+�{0} 

1025

A3.3

A3.4

A3.3



f : Z+ Z

f(4) 4/2 2 f(3) (3 1)/2 2/2 1.

f f(2Z+) Z+ f(Z+ 2Z+)

( 1)Z+ � {0} a b � Z+ f (a) f (b)

1) a b f (a) f (b) ⇒ a/2 b/2 ⇒ a b

2) a b f (a) f (b) ⇒ (a 1)/2 (b 1)/2 ⇒ a 1

b 1 ⇒ a b

3) a b f (a) f (b) ⇒ a/2 (b 1)/2 ⇒ a b

1 ⇒ a 1 b a 1 ≥ 1 b 0

a b

f

y � Z

1) y 0 f (1) 0

2) y 0 2y � Z+ f (2y) 2y/2 y

3) y 0 2y 1 � Z+ f ( 2y 1) [( 2y 1) 1]/2

( 2y)/2 y

f f : Z+ Z

Z

Z

A {1, 1/2, 1/3, 1/4, } {1/n|n � Z+} f : Z+ A f (n)

1/n Z+ A |Z+| |A| A

n � Z+ n (finite sequence of n terms) 

{1, 2, 3, , n} f

x
y

1026

A3.4

A3.5



(ordered) {x1, x2, x3, , xn} xi f (i) 1 ≤ i ≤ n

(infinite sequence) Z+ g

(ordered) {xi}i � Z+ {x1, x2, x3,

} xi g(i) i � Z+

a) {1, 1/2, 1/4, 1/8, 1/16} f : A Q+

A {1, 2, 3, 4, 5} f (n) 2 n 1

b) A3.4 A {1/n}n�Z+ g : Z+

Q g(n) 1/n n � Z+

c) f : Z+ Z xn f (n)

( 1)n 1 n {xn}n�Z+ {x1, x2, x3, x4, x5, } {1,

1, 1, 1, 1, } f {1, 1} 

A3.4 A3.5 

A A

1) A A {1, 2, 3, , n}( {1 ,2, 3, , n} A)

n � Z+ f :{1, 2, 3, , n} A

ai f (i) 1 ≤ i ≤ n f 

{a1, a2, a3, , an} A n

2) A g : Z+ A

ai g(i) i � Z+ g

{a1, a2, a3, } g {a1, a2, a3,

} A

Z+ 2Z+ 3Z+

1) i � Z+ ai � Z+ ai ai 1 {a1, a2, a3, }

{ai}i�Z+ Z+ {1, 2, 3, } (subsequence)

2) {xn}n�Z+ {yn}n�Z+ Z+

{ak}k�Z+ k � Z+ yk xak {yn}n�Z+

1027

A3.5

A3.2

A3.6



{xn}n�Z+

a) {1, 3, 5, 7, } Z+ {1, 2, 4, 7, 11, 16, } Z+

f : Z+ Z+ an f(n)

2n 1

1) c1 h(1) 1

2) cn 1 h(n 1) h(n) n cn n n ≥ 1

b) {xn}n�Z+ {yn}n�Z+ n � Z+ xn f (n) ( 1)n

(1/n) yn g(n) 1 (1/(2n)) {xn}n�Z+ {0, 3/2, 2/3, 5/4,

4/5, 7/6, 6/7, 9/8, } {yn}n�Z+ {3/2, 5/4, 7/6, 9/8, } 

n � Z+ yn x2n {ak}k�Z+ (Z+ )

k � Z+ ak 2k n � Z+ yn x2n xan

{yn}n�Z+ {xn}n�Z+

c) n � Z+ xn 1/n yn 1/(3n) {xn}n�Z+ {1, 1/2, 1/3, 1/4,

1/5, 1/6, 1/7, } {yn}n�Z+ {1/3, 1/6, 1/9, }

{ak}k � Z+ (Z+ ) k � Z+ ak 3k n �

Z+ yn 1/(3n) x3n xan
{yn}n�Z+ {xn}n�Z+

S A � S A

A A3.4 A

A S A3.2 

S S {s1, s2,

s3, } Z+ {an}n�Z+

a1 min{n|n � Z+ sn � A}

a2 min{n|n � Z+ n a1 sn � A}

a3 min{n|n � Z+ n a2 sn � A}

a1 a2 a3 at at 1

min{n|n � Z+ n at sn � A} F : Z+ A F(n) san

m n � Z+ m n ⇒ am an ⇒ sam san ⇒ F(m) F(n)

1028

A3.6

A3.3



F A F

m n � Z+ F(m) F(n) S {s1, s2, s3, } 

F(m) F(n) ⇒ sam san ⇒ am an Z+

{an}n�Z+ am an ⇒ m n F

b � A A ⇒ S {s1, s2, s3, } b sm

m � Z+ m a1 F(1) sa1 sm b m a1 a1

a2 a3 r � Z+ ar 1 m ≤ ar

{an}n � Z+ ar min{t|t � Z+ t ar 1 st � A} 

m ar 1 sm � A ar ≤ m ar ≤ m m ≤ ar ⇒ ar m

F(r) sar sm b F

A3.3 T T Z+

f : T Z+ (

) T T

f (T) ( |T| |f (T)| f (T) 

A B

|A| |B|

(0, 1] {x|x � R 0 x ≤ 1} 

(0, 1] ( A3.2) (0, 1] 

(0,1] {r1, r2, r3, } (0, 1] 

r1 r2 r3

aij � {0, 1, 2, 3, , 8, 9} i j � Z+

r 0.b1b2b3 k � Z+

1029

A3.4



r � (0, 1) k � Z+ r rk r ⇒ {r1, r2, r3,

r4, } (0, 1] {r1, r2, r3, r4, } 

( A3.4) Cantor 

(Cantor’s Diagonal Construction) ( ) Georg

Cantor (1845-1918) 1873 12 

(uncountable) (0,

1] A (1) Z+ A

Z+ � A A Z+ |A| |Z+|
A Z+

R ( ) 

R A3.3 R (0, 1] 

1) A3.1 

A B A A � B B

2) A3.3 

B A

A Z B R

3) A3.3

f : A Z+ A A Z+

g : Z+ A A

g : Z+ R g(x) x x � Z+

4) Cartesian x2 (y 1)2 1 S {(x,

y) | x, y � R x2 (y 1)2 1} S

A3.1 C(0, 1) (x-

1030

A3.1



) x 0 P (0, 2)

(x, y) P(0, 2)

Q R P Q x-

Q′ P R x- R′
x- x 0 T ′ U′ P

T ′ T U P U′ 
P P′ S R

|S| |R| S

|Z| |R| |Z| |R| 
|Q| |Z| |Q| |R| |Z| |Q| |R|

Z+ Z+

f : Z+ Z+ Z+ f (a, b) 2a3b f

(m, n) (u, v) � Z+ Z+ f (m,

n) f (u, v) ⇒ 2m3n 2u3v ⇒ m u n v f Z+

Z+

Q Q

Q � (0, 1] {s|s � Q 0 s ≤ 1}

Q � (0, 1] 

S � Q � (0, 1] p/q

p q � Z+ p q 1 

f : Q � (0, 1] Z+ Z+ f (p/q) (p, q) K range f
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A3.1

A3.5

A3.6



p/q u/v � Q � (0, 1] f (p/q) f (u/v) ⇒ (p, q) (u, v) ⇒ p u

q v ⇒ p/q u/v f Q � (0, 1] K

Z+ Z+ A3.3 Q � (0, 1]

|Q|

� � � 

{x|x � � x � A A � �}

� � {A1, A2, A3, } 

� R

a) n � Z+ An [n 1, n) A1 [0, 1) A2

[1, 2) A3 [2, 3) � {A1, A2, A3, } {Ai | i � Z+}

b) q � Q+ Aq (q 1/2, q 1/2) A1/2

(0, 1) A4 (7/2, 9/2) A11/3 (19/6, 25/6) � {Aq | q � Q+}

� � � A B

A B A�B � (disjoint collection)

A3.7 (a) 

�

� � {A1, A2,

A3, } i j � Z+ i j Ai � Aj n

� Z+ An {an1, an2, an3, }

x � 
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A3.7

A3.7

A3.8

A3.8

A3.7



n � Z+ x � An

� n x � An ⇒ 
k � Z+ x ank ( k )

A3.5

Z+ Z+ f 

f x ank y apq � 

f(x) f(y) f(ank) f(apq) ⇒ (n, k) (p, q) ⇒ n p k q ⇒ ank apq ⇒ x

y

� ( |�| ∞) Ai i � Z+

A3.7 

A3.7 Q

Q

A0 Q � (0, 1] 

A3.6 n An Q � (n, n 1] 

f n : An A0 fn(q) q n fn(q1) fn(q2) ⇒ q1 n q2 n ⇒ q1 q2

fn An fn(An) � A0 A3.3 An

m n � Z m n ⇒ Am � An

A3.3 Z � {A0, A1, A 1, A2, A 2, } 

3.7 

Z+ Z Q Z+ Z+ Q

R R � Z+ A A Z+

A A |A|
0 R

c (continum)

A3.7 

� {A1, A2, A3, } (

�) � {B1, B2, B3, } B1 A1

n ≥ 2 �
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A3.8

A3.1



� i j � Z+ i

j Bi � Bj i j Bi � Bj 

x � Bi � Bj 1 ≤ i ≤ j ≤
j 1

( i 1 ) x � Ai x

� Ai i j � Z+ i j Bi � Bj �

n � Z+ x � An m n m 1

m 1 1 ≤ j ≤ m 1 x � Aj

( ) n � Z+

⇒ y � An n � Z+ B1 A1 Bi Ai

i ≥ 2

A3.7 � A3.1 

( ∞ |�|)
A3.1 A3.7 

�

� {A1, A2, A3, } 

A3.1 � {B1, B2, B3, } k � Z+ Bk

� Ak A3.3 Bk A3.1 

A3.7 

� A3.9 (

∞ |�|)

A3.8 |Z+| |R| c c

A |A| |�(A)|
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A3.9

A3.10



A |A| 0 |�(A)| |�( )| |{ }|
A f : A �(A) a �

A f (a) {a} f |A| | f (A)| ≤
|�(A)| |A| |�(A)| g : A �(A) 

g : A �(A) B {a|a � A a �

g(a)} g(a) � A B � A B � �(A) g

a′ � A g(a′) B a′ � g(a′)
a′ � g(a′)

a′ � g′(a) B B a′ � g(a′) 
a′ � g(a′) a′ � g(a′) a′ �

g(a′) a′ � B B g(a′)
a′ � A g(a′) B g

|A| |�(A)|

A3.10 

A |A| |�(A)| |�(�(A))|

1035

1. (d) (g) 

a) Q+

b) R+

c) N 2Z {2k|k � Z} 

d) A B

A � B

e) A B

A � B 

f) A B

A B

g) A B

A B



2. a) A {n2|n � Z+} Z+

A

b) Z+ {2, 6, 10, 14, } 

3. A B A

A � B B

4. I {r � R|r } R Q

I

5. S T

S T

6. Z+ Z+ Z+ {(a, b, c)|a, b, c

� Z+} 

7. ax2 bx c 0 a b c �

Z a 0 

8. (0, 1) (a) (0, 3)

(b) (2, 7) (c) (a, b) a b �

R a b
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