
1.

3.

5. a) (i) � a b c � Z

(a � b) � c (a b 1) � c (a b 1) c 1 a b c 2.

a � (b � c) a � (b c 1) a (b c 1) 1 a b c 2.

(ii) � a b c � Z

(a � b) � c (a b ab) � c (a b ab) c (a b ab)c

a b ab c ac bc abc a b c ab ac bc abc, 

a � (b � c) a � (b c bc) a (b c bc) a(b c bc)

a b c bc ab ac abc a b c ab ac bc abc.

� 

(iii) a b c

(b � c) � a (b c 1) � a (b c 1) a (b c 1)a

b c 1 a ba ca a a a b c 1 ba ca, 
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(b � a) � (c � a) (b a ba) � (c a ca)

(b a ba) (c a ca) 1

a a b c 1 ba ca.

c) 0 2 2 � 2 2 2 (2 2)

0 (Z, � , � ) 

d) a b � Z a �

b 1 ( ) ⇒ a b ab 1⇒ a(1 b) (1 b) ⇒ (a 1)(1 b) 0

⇒ a 1 b 1 (Z, � , � ) 

7. k m

� 

x y z � Z

x � (y � z) (x � y) � (x � z)

⇒ x � (y z k) (x y mxy) � (x z mxz)

⇒ x (y z k) mx(y z k) (x y mxy) (x z mxz) k

⇒ x y z k mxy mxz mkx x y mxy x z mxz k

⇒ mkx x ⇒ mk 1 ⇒ m k 1 m k 1 m k � Z

9. a) a b c � Q

a � (b � c) a � (b c 7)

a (b c 7) [a(b c 7)]/7

a b c 7 (ab/7) (ac/7) a, 

(a � b) � (a � c) (a � b) (a � c) 7

a b (ab/7) a c (ac/7) 7

a b c 7 (ab/7) (ac/7) a.

7 a 14

a

c) a � Q a a � u a u (au/7) ⇒ u[1 (a/7)] 0 ⇒ u 0

a 0 a �

Q a 7 b � Q a � b 0

a b (ab/7) 0 a b (ab/7) 0 ⇒ b (1 (a/7)) a
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⇒ b ( a)/[1 (a/7)] 7 

11. b) 1, 1, i, i

13.

15. a) xx x(t y) xt xy t y x

yt (x t)t xt tt t t s

yy y(t x) yt yx s s s

tx (y x)x yx xx s x x

ty (y x)y yy xy s y y

b) tx x t xt

c)

d)

1. 14.10(a) (S, , ) R a b ab � S

a b � S S a � S a a z � S z a

a � S b � S b � S a ( b) a b � S

14.9 S 

3. a) (ab)(b 1a 1) a(bb 1)a 1 aua 1 aa 1 u (b 1a 1)(ab) b 1

(a 1a)b b 1ub b 1b u ab 

(ab) 1 b 1a 1

b)

5. ( a) 1 (a 1)

7. z � S T ⇒ z � S � T ⇒ S � T a b � S � T ⇒ a b � S a

b � T ⇒ a b ab � S a b ab � T ⇒ a b ab � S � T a � S

� T ⇒ a � S a � T ⇒ a � S a � T ⇒ a � S � T S �

T R

9. a b � S a � T1 a � T2 b � T2 b � T1 S

R a b � S a b � T1 a b � T2

a b � T1 a � T1 a � T1

T1 ( a) (a b) ( a a) b b � T1

S � T1 � T2 ⇒ S � T1 S � T2

11. b) c)
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d)S R

13. za z z � N(a) N(a) r1 r2 � N(a) (r1 r2)a

r1a r2a z z z r1 r2 � N(a) r � N(a) s � R

(rs)a (sr)a s(ra) sz z rs sr � N(a) 14.6

N(a) 

15. 2

17. a) a au � aR u � R aR ar1 ar2 � aR ar1

ar2 a(r1 r2) � aR ar1 � aR r � R r(ar1)

(ar1)
r a(r1r) � aR aR R 

b) a � R a z a au � aR aR R u � R aR u

ar r � R r a 1 R 

19. a) b) 74 c) (u, u, u, u) d) 44

21. b) R u a0 u a � R a z a R 

a n (a 1)n n � Z+

1. a) (i) (ii) (iii) b) (i) (ii) (iii) 

3. a) 6, 1, 8, 15 b) 9, 2, 13, 24 c) 7, 10, 27, 44

5. a b (mod n) a b kn k � Z m|n ⇒ n

l m l� Z a b kn b (kl )m a b (mod m)

7. a 8 b 2 m 6 n 2 gcd(m, n) gcd(6, 2) 2 1 a b

(mod m) a b (mod n) a b 8 2 6 k(12) k(mn) k

� Z a�b (mod mn)

9. n n 1 1 2 3 n 3 n 2 n 1 (n

1)/2 1 (n 1) 2 (n 2) 3 (n 3)

n 0 n (mod n)

n n 1 1 2 3 (n/2) 1 (n/2) (n/2)

1 n 3 n 2 n 1 (n/2) 1 1 n 1 2 n 2 3

n 3 (n/2) 1 (n/2) 1 (n/2) n 0

n (mod n)

11. b) 2 � 3 3 � 5 5 � 8 2 � 3 2 � 5 4 � 15

13. [17] 1 [831] b) [100] 1 [111] c) [777] 1 [735]

15. a) 16 0 b) 72 44 

c) 1116 0 

17.
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19. a) n 0 100 1 1( 1)0 100 ( 1)0 (mod 11) [

10 ( 1) 11 10 ( 1)(mod 11) 101 ( 1)1(mod 11)

n 1 ] n k ≥ 1 k 1

10k ( 1)k(mod 11) 10 ( 1)(mod 11)

10k 1 10k 10 ( 1)k( 1) ( 1)k 1(mod 11)

n � N

b)

(n 1)- 

21. g gcd(a, n) h gcd(b, n) [a b(mod n)] ⇒ [a b kn

k� Z] ⇒ [g|b h|a] [g|b g|n] ⇒ g|h; [h|a h|n] ⇒ h|g g h

0 g h

23. (1)

(2)

(3)

(4)

θ (2) (3) (θ 3) mod 26

25. a) (24)(8) 192 b) (25)(20) 500 c) (27)(18) 486 d) (30)(8) 240

27. a) 9 b) 10, 15, 2, 13, 11, 1, 8, 5, 9

29. ( )

[ n ≥ 1 (an 1)/(a 1) an 1 an 2 1

(Z, , ) ]

n 0 a0x0 c[(a0 1)/(a 1)] x0 c[0/(a 1)] x0 (mod m)

(n 0) n (≥ 0) xn anx0

c[(an 1)/(a 1)](mod m) 0 ≤ xn m
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xn 1 0 ≤ xn 1 m

31. n n 1 n 2 n3 (n 1)3 (n 2)3

n3 (n3 3n2 3n 1) (n3 6n2 12n 8) (3n3 15n) 9(n2 1)

3n3 15n 3n(n2 5) 3|n n

1 (mod 3) n 2 (mod 3) n 1 (mod 3) n2 5 1 5 0 (mod

3) 3|(n2 5) n 2 (mod 3) n2 5 9 0 (mod 3)

3|(n2 5) 3|[n(n2 5)]

9|[3n(n2 5)] 9 (3n3 15n) 9(n2 1) n3 (n 1)3 (n

2)3

33. n Catalan 

35. a) 112 b) 031-43-3464

37. a) 1 28 14 34 2 3( 2 1) 15( 14 1) 4( 3 1) b) 1

2 3 4 5

1. s 0 t 1 v 2 w 3 x 4 y 5

3. (R, , ) (Z, � , �) (T, ′, ′) a b � R

(g f)(a b) g(f(a b)) g(f(a) � f(b)) g(f(a)) ′ g(f(b)) (g f)(a)

′ (g f)(b) (g f)(a b) g(f(a b)) g(f(a) � f(b))

g(f(a) ′ g(f(b)) (g f)(a) ′ (g f)(b) g f 

5.a) f(zR) zS zR � K K x y � K f(x y) f(x

( y)) f(x) � f( y) f(x) � f(y) zS � zS zS x y � K

x � K r � R f (rx) f (r) � f(x) f(r) � zS zS f (xr)

f(x) � f (r) zS � f (r) zS rx xr � K K R 

b) {6n|n � Z}
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7. a)

b) (i) f(17)(19) (12)(14) (1, 2)(3, 4) (0, 2)(2, 4) (3, 3) (0, 3) (3,

1) f 1(3, 1) 11

9. a) 4 b) 1 c) 

11. Z4 14.4 

13. 397 k(648) k � Z 15. 173 k(210) k � Z

1. a) R Z S Z+ b) R Z S {2x|x � Z}

c) R M2(Z) d)

e) (Z, , ) (Q, , ) ( ) 

f) p {a/(pn)|a, n � Z, n ≥ 0} (Q, , ) 

g) 14.6 h)

3. a) [a a (a a)2 a2 a2 a2 a2 (a a) (a a)] ⇒ [a a 2a

z] a a

b) a � R a a z ⇒ a a a b � R (a b) (a b)2

a2 ab ba b2 a ab ba b ⇒ ab ba z ⇒ ab ba ba

R 

5. az z za a � R z � C C x y �

C (x y)a xa ya ax ay a(x y) (xy)a x(ya) x(ay) (xa)y

(ax)y a(xy) ( x)a (xa) (ax) a( x) a � R

x y xy x � C C R 

7. b) m n 1 ms nt s t � Z m n

0 s t ( ) s 

1 ms nt 0
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s 0 am bm (am)( s) (bm)( s)

9. x a1 b1 y a2 b2 a1 a2 � A b1 b2 � B x y (a1

a2) (b1 b2) � A B r � R a b � A B a � A b �

B ra � A rb � B r(a b) � A B (a b)r � A B

A B R 

11. x1 x1 x2 x1 x2 x3 x1 x2 x3 xn

0 n 1 ≤ i j ≤ n

(x1 x2 xi) (x1 xi xi 1 xj)(mod n) n

(xi 1 xj)

13. a) 1875 b) 2914 c) 3/16

15. n � Z n2 0 (mod 5) 5|n n2 1 (mod 5)

n2 4 (mod 5) 5 a b c 

(i) a2 b2 c2 3 (mod 5) a2 b2 c2 1 (mod 5);

(ii) a2 b2 c2 1 (mod 5) a2 b2 c2 1 

5 4 5

(iii) a2 b2 c2 4 (mod 5) a2 b2 c2 1 5 

4 5

(iv) a2 b2 c2 2 (mod 5) a2 b2 c2 4 (mod 5)

17.

1. a) 1 b) 1 c) 1 d) 1 3. a) 2n b) 2(2n)

5. a)

b) f Σm(2, 4, 5, 6, 7) M(0, 1, 3)

7. a) 264 b) 26 c) 26

9. m k 2n 11. a) y x–z b) x y c) wx z
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13. a)

b)

15. a)

b)

f 1 g 0 h 1 ( g

1 h 0) f � gh 1 (f � g)(f � h) 0

1. a)

b)

3. a)

5.
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7.

a) (x –y)(x y) y x (–yy) y x 0 y x y

(a)

b)

(b) 

9.

11. a) 2 b) 3 c) 4 d) k 1

13. a)

c)

1. uv wvy uxz uyz wz

3. a)

c)

5. {b, d}, {c, d}, {d, f}, {a, g}, {e, f}, {b, e}, {c, e}, {a, f}, {b, g}, {c, g}

3. a) 30 b) 30 c) 1 d) 21 e) 30 f) 70

5. a) w ≤ 0 ⇒ w 0 w 15.3(a) w 0 0

c)

7. y ≤ x

9. 15.5(a) x1 x2 x1x2 0 x1 x1x2 x2x1

x2

11. a)

b) (a)

c)

13. a)

b) f 

f(xy) f(x)f(y) x y � [ (a)

]

15. 1 ≤ i ≤ n (x1 x2 xn)xi x1xi x2xi xi 1xi xixi

xi 1xi xnxi 0 0 0 xi 0 0 0 xi 15.5(b)
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15.7 (x1 x2 xn)x x x � � 1 

( 10) 1 x1 x2 xn

1. a) n 2 x1 x2 x1 x2 n ≥ 2 (x1 x2

xn) xn 1 x1 x2 xn xn 1 (

) DeMorgan 

n k (≥ 2) n k 1 

n ≥ 2 

b) (a)

3. Nettie Cathy

5. x ≤ z y ≤ z 15.4 6(b) x y ≤ z z

z z z x y ≤ z x ≤ x y

x(x y) x xy ( ) x ( ) x ≤ x y x y

≤ z x ≤ z ( y ≤ z ) 

7. a)

b)

9. a)

11. a) 2(2n 1) b) 24 2n 1

13. a) n 60 12 12 12 2

b) n 120 16 x 4 –x 30 x –x gcd(x,
–x) gcd(4, 30) 2

1. a) 1 

b)

c)
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d) 0 10n 10( n) 10n

e) 1A g : A A g 1 : A A

f) 0 a/(2n) ( a)/(2n)

3. Z ( ) (3 2) 4 3 5 3

(2 4)

5. x y � Z ⇒ x y 1 � Z ( Z 

) w x y � Z w (x y) w (x y 1) w (x

y 1) 1 (w x 1) y 1 (w x) y

x y x y 1 y x 1 y x x y � Z

x � Z x ( 1) x ( 1) 1 x [ (

1) x] 1 x � Z

x 2 � Z x ( x 2) x ( x 2) 1 1 [ ( x 2) x]

x 2 x (Z, ) 

7. U20 {1, 3, 7, 9, 11, 13, 17, 19} U24 {1, 5, 7, 11, 13, 17, 19, 23}

9. a) 16.1(b) (a 1) 1 a a 1

b)

b 1a 1 ab 16.1(b) (ab) 1 b 1a 1

11. a) {0}; {0, 6}; {0, 4, 8}; {0, 3, 6, 9}; {0, 2, 4, 6, 8, 10}; Z12

b){1}; {1, 10}; {1, 3, 4, 5, 9}; Z*11

c)

13. a) 10 i (72°) 0 ≤ i ≤ 4

b) n (n ≥ 3) 2n n i (360°/n) 

0 ≤ i ≤ n 1 n n n/2 

n/2 

15. eg ge g � G e � H H x y � H xg gx

yg gy g � G (xy)g x(yg) x(gy) (xg)y (gx)y

g(xy) g � G xy � H x � H g �

G xg 1 g 1x (xg 1) 1 (g 1x) 1 gx 1 x 1g x 1

� H H G

17. b) (i) 216

(ii) H1 {(x, 0, 0)|x � Z6} 6 

H2 {(x, y, 0)|x, y � Z6, y 0, 3} 12 
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H3 {(x, y, 0)|x, y � Z6} 36

(iii) (2, 3, 4) (4, 3, 2); (4, 0, 2) (2, 0, 4); (5, 1, 2) (1, 5, 4)

19. a) x 1 x 4 b) x 1 x 10

c)

d) p 2 (2 1)! 1! 1! (mod 2) p ≥ 3

(Z*p, ) 1 2 p 1 2 3 p 2 (p

3)/2 x x 1 ( p 11 2 3

4 9 2, 6; 3, 4; 5, 9; 7, 8 ) (p 1)! (1)

(1)(p 3)/2(p 1) p 1 1 (mod p)

1. f(a 1) f(a) f(a 1 a) f (eG) eH f (a) f (a 1) f (a a 1) f (eG)

eH f (a 1) f (a) (

16.1b) f (a 1) [f (a)] 1

3. f (0) (0, 0) f (1) (1, 1) f (2) (2, 0)

f (3) (0, 1) f (4) (1, 0) f (5) (2, 1)

5. f (4, 6) 5g1 3g2

7. a)

b) ( 16.6) 

9. a) 10 4 12 28 36

11.

13. (G, ) (H, *) (K, ) x y � G (g f)(x y)

g(f(x y)) g(f(x) * f(y)) (g(f(x))) (g(f(y))) ((g f)(x)) ((g

f)(y)) f g g f : G K 

15. a)

b) G 〈ak〉 G 〈a〉 a (ak)s s � Z a1 ks

e 1 ks tn �(a) n 1 ks tn ⇒ 1 ks tn ⇒ gcd(k, n)

1 G 〈a〉 ak � G gcd(k, n) 1 〈ak〉 � G

gcd(k, n) 1 ⇒ 1 ks tn s t � Z ⇒ a a1 aks nt

(ak)s(an)t (ak)s(e)t (ak)s � 〈ak〉 G � 〈ak〉 G 〈ak〉
ak G

c) �(n)
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1. a)

b)

3. 12

5. Lagrange |K| 66 ( 2 3 11) |H| |H| 
|G| 660 ( 22 3 5 11) K H H G |H| 2(2

3 11) 132 5(2 3 11) 330

7. a)

16.3 H G

H G 

b) |G| 4! 24 |4| 4 24/4 6 H G

c) f : H Z2 Z2

f x y � H

f 

( 6 

) 

9. a) H G Lagrange |H| 2 p

|H| 2 H {e, x} x2 e H 〈x〉 |H| p y �

H y e �(y) p H 〈y〉
b) x � G x e �(x) p �(x) p2 �(x) p |〈x〉| p

�((x) p2 G 〈x〉 〈xp〉 G p 

11. b) x � H � K x r r m n

gcd(m, n) 1 r 1 x e H � K {e}
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13. a) (Z*p, ) p 1 8 [x] � (Z*p, ) [x]p 1

[1] xp 1 1 (mod p) xp x (mod p) a � Z

p|a a 0 (mod p) ap 0 a (mod p) p a a b (mod

p) 1 ≤ b ≤ p 1 ap bp b a (mod p)

b)Zn G �(n) a � Z gcd(a, n)

1 [a] � G [a]�(n) [1] a�(n) 1 (mod n)

c) d) 6 8 8 

1. 0462 0170 1809 0462 1809 1981 0305

3. DRIVESAFELYX 5. p 157 q 773

1. a) e 0001001 b) r 1111011 c) c 0101000

3. a) (i) D(111101100) 101 (ii) D(000100011) 000

(iii) D(010011111) 011

b)000000000 000000001 100000000 c) 64

1. S(101010, 1) {101010, 001010, 111010, 100010, 101110, 101000,

101011}

S(111111, 1) {111111, 011111, 101111, 110111, 111011, 111101, 111110}

3. a) |S(x, 1)| 11; |S(x, 2)| 56; |S(x, 3)| 176

b)

5. a) 3 ≤ 2 

b) 5 ≤ 4 

≤ 2 

c) 2

7. a) C {00000, 10110, 01011, 11101} 3

≤ 2 

b)

c) (i) 01 (ii) 11 (v) 11 (vi) 10

(iii) (iv) (111)tr H

(111)tr (110)tr (001)tr 01 [ (iii)] 10

[ (iv)] (111)tr (011)tr (100)tr 10 [ (iii)] 01 [
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(iv)]

9. G [I8|A] I8 8 8 A 1 H

[Atr|1] [11111111|1]

11. 9 ( - ) 10 - ( )

1.

3. a)

000 00000 10110 01011 11101

110 10000 00110 11011 01101

011 01000 11110 00011 10101

100 00100 10010 01111 11001

010 00010 10100 01001 11111

001 00001 10111 01010 11100

101 11000 01110 10011 00101

111 01100 11010 00111 10001

( ) 

b)

11110 10110 10

11101 11101 11

11011 01011 01

10100 10110 10

10011 01011 01

10101 11101 11

11111 11101 11

01100 00000 00

5. a) G 57 63; H 6 63 b)

7. a) b)

1. a)
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b)

c)

3. a)

b) α � Sn α c1c2 ck �(α) l (c1)

l (c2) l (ck) 1cm l (ci) ci 1 ≤ i ≤ k

5. a) 8 b) 39 7. a) 70 b) 55

9. a) 8 b) 8 a) 12 b) 12

11. a) 140 b) 102 13. 315

1. a) 165 b) 120

3. a) 96 b) 80

a) 280 b) 220

a) 131,584 b) 70,144

5. a) 2635 b) 1505

c)

7. a) 21 b) 954

c) k 21 m 21 km 441 954 n

1. a) (i) (ii) 

b) (i) 

(ii) 
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3. a) 10

b)

c) 2

5. g y

7. a) 136 b) c) 38; 16 9.

1. a) f (eG) eH eG � K K x y � K f (x) f (y)

eH f (xy) f (x)f (y) eHeH eH xy � K x � K

f (x 1) [f (x)] 1 eH
1 eH x 1 � K K G

b) x � K f (x) eH g � G

x � K g � G gxg 1 � K

3. a b � G a2b2 ee e (ab)2 abab a2b2 abab ⇒ aabb

abab ⇒ ab ba G

5. G 〈g〉 h f(g) h1 � H h1 f(gn) n � Z

f G h1 f(gn) [f(g)]n hn H 〈h〉
7. a b � G

(G, ) 

9. a) σ P(n 1, k) (n 1) σ (

1 ) σ ( {1, 2, 3, , n}) P(n, k

1) τ P(n, k) τ
(a1a2 ar) r n 1 (1) a1 a2 (2)

a2 a3 (r 1) ar 1 ar (r) ar

a1 n n 1 τ P(n 1,

k) P(n, k 1) nP(n, k)

b) Sn n! 

11. a) n
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(1) n m r 1 m r n (n 1)! 1 2 (m 1)

m (m 1) (r 1) r (r 1) (n 1) 0 (mod n)

(n 1)!� 1 (mod n)

(2) n q2 q (n 1)! 1 (mod n) 0 q(n

1)! q( 1) n q�0 (mod n) (n

1)!� 1 (mod n)

b) Wilson p

1.

3.

7. a) b) f(x) (x2 4)(x 2)(x 2); 2

c) f(x) (x 2i)(x 2i)(x 2)(x 2); 2, 2i

d) (a) f(x) (x2 5)(x2 5); 

(b) 

(c) 

9. a) f(3) 8060 b) f(1) 1 c) f( 9) f(2) 6

11. 4; 6; p 1

13.

0 ≤ i ≤ k m ≤ k

R 

G : R[x] S[x] 

15. Z4[x] (2x 1)(2x 1) 1 (2x 1) 
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14 (Z4, , ) 

17.

f(1) 0 S S 

f(x) 

( m ≤ n m n bm 1 bm 2 bn 0 ) f(1)

g(1) 0 0 0 f(x) g(x) � S

h(x)f(x) � F[x] h(1)f(1)

h(1) 0 0 h(x)f(x) � S

S F[x] 

1. a) x2 3x 1 Q R C

b)x4 2 Q

C

c) x2 x 1 (x 2)(x 2) Z3 Z5 x2 x 1 x2 x

1 (x 5)(x 3) Z7

d)x4 x3 1 Z2

e) x3 3x2 x 1 Z5

3. 1 : x; x 1 2 : x2 x 1 3 : x3 x2 1; x3 x 1 5. 75

7. a)

b)

c)

deg r(x) deg m(x) m(x) r(x) 0 

m(x)|f (x)

9. a) gcd 

b)gcd 

c) gcd 

11. a 0 b 0; a 0 b 1
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13. a)

b) F[x] 

d)F[x]/(s(x)) [f(x)] f(x) 0 deg f(x) deg

s(x) f(x) s(x) r(x) t(x) 1 f(x)r(x) s(x)t(x)

1 f(x)r(x)(mod s(x)) [1] [f(x)][r(x)] [r(x)] [f(x)] 1

15. a) [2x 1] b) [2x 1] c) [2x] 17. a) pn b) �(pn 1)

19. a) 6 b) 12 c) 12 d) lcm(m, n) e) 0

21. 101, 103, 107, 109, 113, 121, 125, 127, 128, 131, 137, 139, 149

23. s(x) x3 x2 x 2 � Z3[x] s(0) 2 s(1) 2 s(2)

1 17.7(b) 17.11 (b) (c) Z3[x]/(s(x)) 

33 27 

25. a) Q[2] 

14.10(a) R

b) R

b 0 a 0 a 1 � Q b 0

( 2b2 a2 0 ) 

R
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s(x) x2 2 Q 17.11(b) Q[x]/(x2

2) 

17.10 24(a) f 

1. a) b) c)

3.

5.

Latin Li 1 ≤ i ≤ 4

7. 4 4 

1.

3. 9 12 

(i) 0 y 0; y 1; y 2

(ii) x 0; x 1; x 2

(iii) 1 : y x; y x 1; y x 2

(iv) 2 ( ) (1) y 2x (2) y 2x 1 (3) y 2x 2
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Latin 

3 1 2

2 3 1

1 2 3

5. a) y 4x 1 b) y 3x 10 2x 3y 3 0

c) y 10x 10y 11x

7. a) x c y mx b (c, mc

b) b F ( x c ) 

y c y mx b 

(m 1(c b), c) b F ( y c )

1. v 9 b 12 r 4 k 3 λ 1

3. λ 2

5. a) b)

7. a) λ(v 1) r(k 1) 2r ⇒ λ(v 1) 

λv(v 1) vr(k 1) bk(k 1) b(3)(2) ⇒ 6|λv(v 1)

b) (λ 1) 6|λv(v 1) ⇒ 6|v(v 1) ⇒ 3|v(v 1) ⇒ 3|v 3|(v 1)

λ(v 1) ⇒ (v 1) ⇒ v

3|v ⇒ v 3t t ⇒ v 3(2s 1) 6s 3 v 3 (mod 6)

3|(v 1) ⇒ v 1 3t t ⇒ v 1 6x ⇒ v 6x 1 v 1 (mod 6)

9. v 9 r 4 11. a) b 21 b) r 7

13. λ x y r r λ 
x y r λ y x
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x y (r λ) (r λ) r 2r λ
15. a) 31 b) 8

17. a) v b 31; r k 6; λ 1 b) v b 57; r k 8; λ 1

c) v b 73; r k 9; λ 1

1. n 9 3. a) 31 b) 30 c) 29 d) k 1000

5. a � Zp ap a [ 16.3 13(a)] a xp x 

x a xp x (Zp, , ) xp

x p

7. {1, 2, 4} {2, 3, 5} {4, 5, 7} 9. a) 9 b) 91

11. b)A Jb v b (i, j) r A r 

1 Jb 1 A Jb rJv b Jv A 

v b (i, j) k A k 1 Jv

1 Jv A k Jv b

c) A Atr (i, j) A i j i

j i 1 r i j 1 xi xj

λ A Atr (r λ)Iv λv

d)

(1) 1 1 v 1 

(2) 2 v 1
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1. a) b) 

c)

3. a) 625 b) 1/343 c) 10

5. a) log2 128 7 b) log125 5 1/3 c) log10 1/10, 000 4 d) log2 b a

7. a) 3 c) 3

9. a) ( )

n 1 logb r1 1 logb r

n k (≥ 1) logb rk k logb r n

k 1 logb rk 1 logb (r rk) logb r logb rk [

A1.2] logb r k logb r ( ) (1 k) logb r (k

1) logb r n � Z+

b) n � Z+ logb r n logb (1/rn) logb 1 logb rn [ A1.2

(2)] 0 n logb r [ (a)] ( n) logb r

11. a) 1.5851 b) 0.4307 c) 1.4650

13. a) 5/3 b) 3/2 c) 4

15. x alogb c y cloga b

logb x logb y x y

1.
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3.

5.

7.

9.

11. det(2A) 22(31) 124 det(5A) 52(31) 775

13. a) 45 b) 40 c) 14

15. a) (i)

(ii) 5 (iii) 25

b) (i) 51 (ii) 306 (iii) 510

1. a) b) c) d)

e) A Z � (0, 1] B Z (1, 2] A B A

� B 2 

f)

g) A Z+ � (0, 1] B (0, 1] A B A B

{2, 3, 4, } 

3. B A3.3 A 

A 

5. S T A3.2 S {s1, s2,

s3, } T {t1, t2, t3, } ( ) 

f : S T Z+
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f(si, tj) 2i3j i j � Z+ i j k l� Z+ f(si, tj) f(sk,

tl ) f(si, tj) f(sk, tl ) ⇒ 2i3j 2k3l⇒ i k j l ( ) ⇒
si sk tj tl ⇒ (si, tj) (sk, tl ) f S T f

(S T) � Z+ A3.3 S T 

7. f : (Z {0}) Z Z Q f (a, b, c) 2a3b5c (

) A3.3 A3.8 (Z {0}) Z Z 

(a, b, c) � (Z {0}) Z Z ax2 bx c 0 

( ) A3.9 ax2 bx c 0 a

b c � Z a 0 
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